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Preface: This calculation was shown to me in the course PHY6346 Graduate Electrodynamics 1 at the University of
Florida, taught by Professor Richard Woodard.

A spatial Fourier transformation of Maxwell’s equations

v.E=", V x B — euE = uJ, V-B=0, VXxE+B=0, (1)

€

allows for the theory to be uncoupled into a collection of simple harmonic oscillators. To see this I will work instead
with the two equations describing EM waves in media, which are easy to compute by taking curls of the vector Maxwell
equations (1), using a vector identity, and substituting in the according scalar Maxwell equations:

[VQ — eu@ﬂ E= %Vp + pd, [V2 — eu@ﬂ B=—uVxJ. (2)

I will define the spatial Fourier transform as
7 3 ik-r Pk —ikr
fi0 = [ar feer = jr) = [ G5 Feer, 3)

from which follows the replacement W = —ikf. Now, (2) may be written

pﬁ—wﬁﬁz—%@wﬁ¢:[&+ﬁﬂﬁ:%h%ﬁﬁy
_ - - (4)
[k = end?] B = ipk x I = [0} + %] B =~k x J,

where I have defined some quantity v = (ey)*l/ 2 with the dimensions of speed. These equations describe driven harmonic

oscillators with, which can be further simplified from a Green’s function approach.

Aside - SHO Green’s Function

Let [d? + w?]G(t;t') = 6(t — t') with a retarded boundary condition G(t;¢' > t) = 0. It’s natural to take the ansatz
G(t;t') = O(t — t') [Acos(wt) + Bsin(wt)] to enforce the boundary condition and homogeneous solution, and I find by
taking two time-derivatives that

[d? + W2 G(t; ') = 8" (t —t') [Acos(wt') + Bsin(wt')] 4+ 6(t — ') [~wAsin(wt') + wB cos(wt')] (5)

The RHS must be 6(¢t — t'), leading to two equations for the undetermined coefficients:
A\ _ 1 (wcos(wt’) —sin(wt’)) (0 (6)
B)  w \wsin(wt') cos(wt) 1)

ot —t')

and hence

ot —t)

Gt;t) = [— sin(wt) cos(wt) + cos(wt’) sin(wt)] = sin(w(t —t")) (7)

is the Green’s function for the SHO.



For a general source term S(t), such that [d? + w?]q(t) = S(t), then ¢(t) can be written

q(t) = qo cos(wt) + i—osin(wt) 4 /_OO dt'G(t:1)S(t')

t o
= qo cos(wt) + & sin(wt) + / dt’ MSU’).
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where the first two terms are the homogeneous solution.

From (8), the momentum space fields (4) can be written succinctly as

Ezgﬂk) sin(vkt) + 1 t dt’ w [iv2kﬁ~7(t/a k) — j(t’, k)} ,
i € Jo v 9)

B(t, k) = Bo(k) cos(vkt) + Bog‘) sin(vkt) — - / Car w il 3 10)]
v 0 v

E(t, k) = Eo(k) cos(vkt) +

€

Maxwell’s equations (1) can be used to write the initial value data in terms of only Eq and B:
. ~ L ~ L ~ 1~
VxB—euE =pJ <= —ik xB —euE = uJ <= Eo(k) = —iv’k x Bg(k) — —Jo(k),
€
and Vx E=—-B < By(k) = ik x E,

which allows (9) to be written as

E(t, k) = Eo(k) cos(vkt) — ivk x Bo(k)sin(vkt) — ﬁﬁo(k) sin(vkt)

1t sin(wk(t—t) 1. 5~ /
w7 [ == o - o) (1)

, sin(vk(t —t'))
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B(t,k) = Bo(k) cos(vkt) + Yk Eo (k) sin(vkt) — 1/ dt k
v 0 [

[z’k x j(t’,k)} .
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By noting that

1t sin(k(t—t) 1 <., 1~ o St N
! /0 ar OO 50 19] = - To(k)sin(ukt) — - /0 dt’ cos(vk(t — ) I (¥, K) (12)
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through an integration by parts, I can write (11) as

E(t, k) = Ey(k) cos(vkt) — ivk x By(k) sin(vkt)

L[ s — ) - ivkp(t', k) — cos(vk(t — t')I (¢
+7/0 e’ [sin(uk(t — 1)) - iwkp(t', k) — cos(uk(t — )T (t' )] -
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0 t 0
B(t, k) = Bo(k) cos(vkt) + b x Bo(k) sin(vkt) — = / dt’ sin(vk(t —t')) -~k x J(t, k).
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which are the full electric and magnetic fields in momentum space, determined solely by initial values and sources.



It is sometimes useful to rewrite the solution for £ (t,k) in the following manner; since
sin(vk(t —t")) = Oy [(1/vk) cos(vk(t —t'))], (14)

then

1. / T & N\ 7% ARG
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+ 1 cos(vk(t — t'))k(k - j)’
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= Oy [Z]]z cos(vk(t —t'))p
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where in the last step I used a SF'T on the continuity equation: V-J +p=0 = f): ik - J. It follows that the integral
in E(¢,k) (13) can be re-expressed as

I / : / T4 . "NYT(+
1 /0 ' [sin(ok(t — 1)) - wkf(t', o) — cos(wk(t — )T(¢" k)]
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%[ﬁ(t,k)—cog(vkt)ﬁo(k)} - % /O dt’cos(vk(t—t’)){j(t’,k) —l%(l%j(t’,k))} (16)
%mk) — k(k - Eo(k)) cos(vkt) — 1 / dt’ cos(vk(t — t'))Ip(t', k)
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where I used a SFT of Gauss’ Law, V - E = p/e = j = —ick - E, and recognized the combination J; = J — k(k - J) as
the transverse current. Therefore, the electric field term (13) can be written

E(t, k) = (Eo(k) — k(k - Eo(k))) cos(vkt) — ivk x By(k) sin(vkt) + %ﬁ(t, k) )
‘ 1
1 / dt’ cos(vk(t — t')Ir(t', k),
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where EQT = Eo — lAc(lAc . Eo) is the transverse component of the initial electric field and %ﬁ(t,k) is the instantaneous
electric field, since

1 [ &k ik | T |
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which is indeed the equation satisfied by the instantaneous electric field (c.f. vanishing of 2 and J in (2)).



