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Prelude: I will show the step-by-step calculations of the Schrieffer-Wolff transformation to the single impurity Anderson
model, following very closely a tutorial provided by the Master’s program of the International Centre for Fundamental
Theory at the ENS university of Paris [2]. Fun fact: I did all of these calculations on a road trip from Ohio to Yellowstone
National Park!

1 Model

The single impurity Anderson model has the following form,

H= Z ekcLockﬁ + Z (vkcLUfc, + h.c.) +ep(ny +ny) +Unqgny "
k,o k,o 1

= Hband +V+ Hatom~
This model combines two essential ideas [1],

o Sufficiently strong Coulomb repulsion in atomic orbitals would restrict the movement of conduction electrons, con-
verting a metal into a Mott insulator.

e Conduction electrons scattering off of transition metals atoms can form virtual bound state resonances. This is
realized via a physical tunneling process between localized d or f orbitals and the conduction sea.

The impurity term V consists of a single localized orbital of type f. The dispersion vy is complex in general, but is usually
manifest as an overall phase that can be absorbed into the definitions of the c-operators, which are defined up to an overall
phase. So we can take vy (and €x) to be purely real. The conduction band term Hyanq needs no explanation. The atomic
(impurity) term is constructed in such a way that singly-occupied states o) = fI |0) have energy €, and doubly occupied

states 1) = fTTfj |0) have energy 2¢; + U, where U is an on-site Coulomb interaction.

Commutation Relations

The c-electrons satisfy the usual commutation relations,
{e,c} ={cT,cT} =0, {Cmci} = da,b, (2)

and all possible combinations of ¢, f operators anti-commute since they’re distinguishable. The f-electron operators satisfy
the same relations, but also obey

[na‘v fo’] = *50,0’.](‘0’7 [noa f;/] = 50,0/]0;/7 (3)

where n, = flf,. To save a lot of time, I will also compute various commutations relations beforehand. V electronic
operators A € {c, f}:

[Aa, Ap] = {Aq, Ay} — 240 A = —24, Aq, [Af, Af) = —24f AT, [Ag, Al = 84 — 240 A, (4)

Also, since ¢, f always anti-commute for all possible combinations, the commutator [c¢, f] = —2f¢ for all possible combi-
nations. The rest of the commutators encountered are derivable from these relations.



2 Detalils

I wish to integrate out the empty and doubly occupied states, leaving only singly occupied states. This regime would have
er < 0 and €7 + U > 0; I will separate the Hamiltonian into a low energy sector spanned by the singly occupied states,
and a high energy sector spanned by the empty and doubly occupied states. The projectors that map to these spaces
must sum to one, and have the following form:

P =mniny + (1 =ng)(1—ny), Bi=mny+n, —2mny, ()
such that the Hamiltonian (1) can be written as

H = (PHP, + P,HP,) + (PHP;, + P,HF)) (©)
=Hy+ \V,
where I have parameterized the off-diagonal elements by .
Before doing the projection, Schrieffer and Wolff first performed the following unitary transformation on the Hamilto-
nian,

M He ™ = Hy+ O(N?), (7)
where off-diagonal elements are eliminated to leading order. This is because a straight-forward projection scheme yields a

model where the impurity and conduction sea no longer react. S is some antihermitian quantity, ST = —S, and in order
to determine S I first recall

e*Be ™ = B+ [A,B] + %[A, [A,B]] + - . (8)

Il use this to expand (7) and choose S such that the term linear in A is eliminated,

2
S HES = H 4 NS, H] + 5[5, [S.H]) + -

)\2
= Ho + AV +[S, Hy + AV] + T[S, [S. Ho + AV]] + - (9)

)\2
= Ho + AV + A[S, Ho] + A\?[S, V] + S S8 Hol + ALS, V] +--- .
Clearly then, I require S be chosen such that
[S, Ho] = =V (10)

is a true statement, eliminating the linear term in the process. With this choice, (9) simplifies to

Str.—8 1

e*He™S ~ Hy + 5[5, V], (11)
to second order, dropping the expansion parameter A. Note that (10) implies that some unknown quantity S, when

commuted with a diagonal quantity Hy, gives a purely off-diagonal quantity V. So, S can be chosen to be off-diagonal, as
any diagonal elements would vanish in the Hamiltonian anyway. This choice implies that [S, V] is diagonal.



2.1 Determining S — Without U

I will first determine S without the local Coulomb interaction. It is natural to assume the following ansatz,

SO = Z Sk (CL)o_fa + Ck,a’fj—) ) (12)
k,o
which is reminiscent of V. I require that [So, Hy] = —V (10), which translates to
— Z (’UkCLUfcr + h.C.) = Z €k |:SQ, Clt,ackﬁ} + [So, Ef(’I’LT + ni)] . (13)
k,o k,o
I will evaluate the necessary commutators below.
For the commutators against the number operator, note first that
[S()vfo} :Zsk [(Cko' fo’+ck0' ) ] Zskcka‘ — SOafT Zskcko'7 (14)
k,o’
where I used the relations
|:C]T<,g/fo"7 fU} =0, |:Ck,a’fj-/a foi| = 50'70’01(,0” (15)
and the implication follows because S is antihermitian. From the representation n, = f1 f,,, this results in
[S0:m0] = 1S, F1fol = F318. £+ S0, fE1fo = 3 i (el fo — o fl) (16)
k
and I find that
[Sov €5+ 1) = > swe (oo = ot (17)
k,o
for the atomic term. Now, for the kinetic term note that
[50761(,0] = Z Sk’ [(Ck/ Jor + e o' f ) aCk,U} = —spfo = [507011’0] = _Skftia (18)
K',o’
where I used the relations
[CL/,g/fa"ack,a} = =0k k00,0 for, {Ck/,a'f;ucllg} = _5k,k’5a,a’f;/~ (19)
This allows me to write
[So. ¢ o C1e0] = € 4[5S0, Cieo] + [S0, € yJeko = — 5k (CL,gfo - Ck,afi) ; (20)
such that the condition (13) translates to
f h. ) = - ( N - T) = g= — K
2 (”kck,ofa +he kX;Sk(ﬁf ) (ko fo = ko fd = e (21)
2.2 Determining S — With U
Incorporating the U-term with Hy, the previous condition [Sg, Ho] = —V gains the following correction,
[SQ, Ho] =-V+ U[So, TLTTLi]
==V + U (n1[So, ny] + U[So, ny]ny)
=-V+U sic (nrcf fL—nec fT—i—cT fing —c an
k M0 | JL = MC LT | T O 4 AT = Cit 410 (22)

k

-V + UZSk (CLgfa - Ck,af;) N_g,
K



where —o =| <= ¢ =7 and vice-versa. Clearly I need a better ansatz for S than Sy, so I'll add an additional term

S=S+Y (cjw ot o f;) n_y = So+T, (23)
k.o
with T being chosen to cancel the correction in (22). How does T' commute with things? I find first that
401 = >t ([ forn—ors fo] + [ fiim-or, 12])
S (oot ot Fal - o Uors Jolnmor + [ehgrs fo | fornoar
ko’

+ ck,a’f;/ [n—a’a fﬂ} + Ck,o’ |:f§-/a f0:| n_g + [Ck,0/7 fa] J—ln—a/>

(24)
=Yt = o SO0 fr = ot FL0 1.0 = 2 g fr oo
k,o’
Ck,a’(scr,o/nfa’ - 2Ck a’faf;r-/nfa’ - 2fGCI{ a/fa"nfa/ - 2fack,a’ ;,n,(,/
= Ztkck,an— Ztk (Ck of—o T+, o ft, ) fo
k
<— Ztkadn 0’+Ztk (Ck of—o +Ckfcrf )sz (25)
Continuing naturally, the commutator [T, n,] is written
[T’ nff] = f;[Tv ftf] + [Ta f;]fo
= Ztkflck,anfa - Ztkf; (Clv_c,ffa + Ck,fafia> fa
k
26
+Ztkckan_afa+2tk (ck oS0+ ok _afT ) f;fo (26)
= Ztk (ckvgfa + fgck’g) N_g.
k
Last, I find that
T Ck, g Z ty ( |:Ck’ fa—’n 7, Ck, G’i| [Ck’,a’ J-/n—a’a Ck,0:| )
K o’
3 (et bl 4 Bl + ] o
Ko’
+ o [l [neor, cxo] + a0 {fi ; Ck,a} n_o + [cx 005 Ck o] fi/”—a/) (27)
=3 tie( = 26 i oo + 26 ki S0t = GG oo
k'’ o’
- 2Ck’7o’ck,af;r/nfa’ - 26k7ack’,0’f;'n7(r’)
= *tkfan—a'
<~ [T7 CL’U] = tkf;n,a, (28)
from which follows that
[Tyl cieo) = e [Tecreo] + [Tl oo = e (c{w £+ f;ck,a) . (29)



Putting everything together, I find

[T, Hol =) [Tl yexco] + €7 [Tymq] + €4 [T,y ] + UIT, myny ]
k,o

= (_thk) (CL’a‘fU + f;ck,o) n_s+ Z 6ftk (CTk7g'fU' + f;[ck,a) n_s+ Z(Utk) (CLJfU + f;ck,o) nN_os
k,o

k,o k,o

= Z(U +er — ex)t (CL,gfa + fJCk,a) Neg,
k,o

which must cancel the correction in (22), giving the condition

U U

“Usk=Uhe adhe = he= B (ex —ep —U)(ex — €y

Sk = )’Uk,

Ekf€f*U

where I used the result (21) to replace sx. Therefore, the full form of S is

T g Ny U ok (cf /)
S = (c o+ ckofl)+ Crofo tekofd)n s
kaﬁk_ef k’o-f . f k,o (Ek_ef_U)(Gk_Ef) k, f e f

which satisfies [S, Ho] = —V.

(30)



2.3 Finalizing the Unitary Transformation
Now that S is determined, I recall the unitary transformation (11),
1
eHe ® ~ Hy + 5[5, V] (33)

All that is left is to compute the quantity [S,V]/2, then project out the resulting low energy sector to have successively
integrated out the empty and doubly occupied states. I find

[507 V] = Zsk (611-(70-.](.0' + Ck,dfl) 9 Z Vg’ (CL’,a/fg/ + fJ/Ck’,U’)
k,o k’,0’
=33 s (lehodoretra Forl + el for Flrcic) + e fscly o forl + Lo bt i)
k,o k’,0’
34
=33 s (el F w0 + el Pl 10.0) + (el o S w000 Fo + £l o 10001 (34)
k,o k/,0’
+ Ck,a[ch CI(/,U/]fU', + Ck,aclggl [f;a fa’] + [ck,aa cL’7g’]f0”fj’ + CI(’,U/ [Ck,aa fa’]f;)
=33 swte (oo = i forbigedog = ot pibogr + for fldpedaar)-
k,o k/,o’
When I normal order the last two terms, the two delta functions cancel each other out, leaving
S0,V = =23 swtnrg + 3 swtne (choio + el g
k,o k., k/ o
(35)
=2 sivk (nr +my) + Y swvie (CLJCk',a + CL,UCk,a) »
Kk kKo
where sy is defined in (21). Next,
TV = |3 (cLUfU + ck,,,f;) n_o V| =3t (cLUfa[n_a, V4 el o [for Vineo + [}, Voo
k,o k,o (36)
+ Ck,af;[nfm V]+ Ck,a[f;a Vin_o + [ex,o, V]f;n,(,).
I know that
[faav] = Z Uk! ([f(j’c’t)/7a'/f0,:| + [faaf;/ck’,a/D = ka/ck/,a— — [f;a V] = 721&’0;{(/707 (37)
k.o’ K/ K/
and one can do the same calculation and find
[ V] = vicfr (o V1 = —vief, (38)
allowing me to write (36) as
T,V]= > e (CLUCk’,a - ck,gclt/,(,) N+ Y e (fofl = fife) n_s
k.k/,o k,o
(39)

+ Ztk (CLafa + Ck,of:l) [n—o, V.
k,o

Using the fact that [f,, fi] = 1 — 2n,, and that the resulting term cancels the term gained when the c-electron operators
are anti-commuted in the first term, gives

[T7 V] = Z by Uk (C;La.ck’,a' + CL/7UCk,a) nN—os— 2 Ztkvknan—n + Ztk (CLo-fo + ck,o‘fi—) [TL_O-, V]
k,o k,o

k.k',o (40)

Z te UK (CL,oCk’,a + CL,7UCk7g> n_,—4 ZtkvknTni + Z tx (CLUfU + Ck,o’fi) [n_q, V],
Kk o k k.o



where I used the fact that
Z NeN_g = N4ny + nyny = 2n4ny. (41)

o2

The last commutator I need to evaluate is
o, V= fLolfoo VI+ L0 VI = - kaf (ck/ ofotarof! ) (42)
giving

[T,V] = Z Uk (CLaCkHU + CL,aCkJ) N_g —4 Z tkVKNAM

k.k' o k
_ t i i i i
KUk (O o fo +xolfs ) (o _of-o t o, —0afls
kk',o
= Z t Uk (CL »Ck'o + ck, Ck (,.) n_s —4 Ztkvknﬁu
k. k/ o
- Z tr Uk (Ckﬁfack/’_affo' + Ckﬁ-f(rck’,fafia (43)
k,k’ o

t o ficeof o+ acolion ofl,)

= 74Ztkvkn¢n¢ + Z T UK/ <Ck O'Ck' _Uf(,f_ + h.c. )

k,k’,0

+ Z Uk (CIT(,UCk'#T/n—U - CL)ng’,—adT_gdo + hC) s
kK o

where the last step is simply a re-ordering. At long last, [S,V]/2 =[Sy, V]/2 + [T, V]/2 is nothing but

1
[S V)= Zskvk ne+ny)+ = 5 Z SKVK/ (clygck,’o_ + CL,’UCkJ)

k,k’, o
) Ztkukmm + = Z Ui (ch gck, _Jfof-o+he ) (44)
k k/,o
+ 5 Z Uk’ (CLUCklyg/TL,J — CTkJCk/’,ng_o.dg + hC) R

k.k/ o

which is the additional term obtained by the unitary transformation of H in (33).
To greater simplify things, I will use my divine intuition to define the following spinors

we () w= () .

The value of this representation can be seen by evaluating

(vloww) - (wlaw,) = (vloowe) (Vo)) + (vloy i) (o, wy)

(46)
n (\IJIT(UZ\IJk/) (\If}az\yf) :
in which case
(vlovwie) (Whony) + (vloywie) (Whoy¥y) = (o + e ) (1 +715)
+ (CLTCk/,¢ - CLick’,T) (*fTT fi+ fIfT) )

= 2¢f jew 1L+ 20w L
=2 Z CL7ng,7—ﬂ'fing'7
g



(‘I’L%‘I’k') (‘I’}Uz‘l’f) = (CLTCk'm - CL@Ckxi) (fTTfT - fffl)
= cheqea st (g +ny) = 26w gny + o ooy (0 +ny) = 26 ey (48)

= Z cL,ack';U (nT + ni) —2 Z CLO_C](/JTL,U.
[eg g

resulting in

(‘Iflic?\lfk/) : (‘I’}E‘I’f) =D oo (ng+ny) =2y (Ci)gck',on—o’ - CL)ng',—afigfa>
o

o

49)
1 B . (
= > (CL,ng',a”w - CL,ng',fafiofa) =3 > Clootico (my 1) = Sy (‘I’LU‘I’k') )
where I defined .

~ g

Sy = \11}5\1/ f (50)

as the operator that measures the vector spin of the f-electron. The last term of (44) can be simplified using this relation.
Since the hermitian conjugate simply swaps k <> k’, it can be written as

1
3 Z t Uk (CL’Uckggln_o — c;r(’gck/,_ng_odg + h.c.)
kX o

1
T2 > (v + i) (CJlrc,ack'7U'n—U - CL,aCk',—adiado)

Kk o
) 1 B . (51)
= 1;; (tkvk + tivk) <4 ZJ: ChoCkl,o (N1 +my) = S (\IleLI/k,>>
1 - o
= Z (tkvk/ —I—tk/’l)k) (4 (\I/L\I/k/) (\I/J}\I/;) — Sf . (\IIIJLQ\I/W)) .
kK’
Therefore, (44) becomes
1 1
5[5, V]=- Z SkUk (”T + NU —2 Z txvknyny + 3 Z (skvk) (‘I’L\Pk/ + h.c.)
k k Kk
1
+ 3 Z tr UK/ (CLUCLﬁJfo,U + h.c.)
kKo
1 - o
+ Z (tk’Uk/ +tk/’l}k) <4 (WL\IJ]C/) (\I/;\I/f> - Sf . <\I/1T(2\I/k/>)
kK’
1 (52)
= — (skvk + tkkN_o) Ny + = (skvkr + SKvK) VARV
9 k
k,o kK’
1
+ Z Z (tkvk/ + tk’Uk) (CLOCJL,’ianf_U + hC)
Kk o
1 - o
T T T
+ kzk:, (tk’Uk/ —|—tk/vk) <4 <\I’k\I/k/> (\I/f\I’f) - Sf . <\I/k2\:[/k/>) .
By defining the couplings
1
Wik = 3 (s + Sk vk) Jexw = (tkvw + tiwvk) , (53)

then the unitary transformation of the SIAM (33) can be written succinctly as



1 1
GSHeis = HO — Z (Wk7k + 2Jk7k’fl_(7> Neg + Z <Wk7k/ + ZJk’k/ (\P.;-\ij)) (qfl\ljk/)
k,o k,k’

- (54)
1 = o
1 > i (CL,UCL/,—afaffa + h~C-) > Jiewe Sy (‘I’LZ‘I’W) ;
kKo kK
which is exactly the form derived by Schrieffer, Wolff [3].
3 Analysis of Resulting Hamiltonian
3.1 Energy Scaling
The first term,
~ 1
HO = — kz <Wk,k + 2Jk,kn—a> Neg, (55)
is a shift of energy levels and can be absorbed into Hy through a shift of U, ey. As such, it will be ignored.
3.2 Direct (Spin-Independent) s-f Interaction
The second term,
1
Hyw =) <Wk,k’ + e (‘I’}‘I’f)> (‘I’L‘I’k’> ; (56)

kK’

is independent of spin and therefore acts as a direct s-f interaction. The low-energy sector consists of singly occupied f-
electron states, in which case \I/}\Il ¢ = 1 and Hyg;,. reduces to a one-body potential. This can be eliminated by transforming
from the k-states to a set of 1-electron conduction states which includes this direct scattering term.

3.3 Pair Tunneling
The third term,
1

Htun. = 4

Z Ji ! (CLJCL,’ingf_U + h.c.) , (57)

kk/,o

does not conserve the number of f-electrons, and can be neglected in the low-energy regime since it doesn’t connect the
single f-electron subspace to the rest of the Hilbert space.

3.4 s-f Exchange Interaction

The last term,
= g
Hyg = — k§k; Jexe Sp - (\DLQ\I/k,> , (58)

is a spin-exchange interaction between the conduction sea and the local magnetic moment. This term is what gives rise to
the Kondo effect, which describes the transition between local moment (free impurity) behavior and the low temperature
physics where the c-electrons and f-electrons form a spin singlet.



Performing the Projection

I will now project out the low-energy sector, giving the low energy physics regime without empty and doubly occupied
states. I find just the Kondo term (58), and the lower energy subspace of Hy is simply the conduction band Hpang, such
that the transformed SIAM (54) in the lower energy (singly occupied f-electron) regime has the form

= o
Hyondo = ZékCLO—Ck,U - Z Jrx S (\I'LQ‘IJk/> (59)
k.o KK/

which is the Kondo Hamiltonian.
Is Jy ks positive or negative? Well, if k, k' ~ kp then ex ~ 0 and

—Jx = —2tvk
U

~—-22 | ——— ) >0
Tk (Ef(U+€f))

which is because ¢ < 0 and U + €f > 0 in this regime. Therefore, the interaction between the local moment and the
c-electron band is antiferromagnetic. In many cases, like in the mean-field approach, Ji x is momentum independent.
This motivates

(60)

o g
Hxondo = Z €kCLng,a + JZ Sy (‘I’LZ\I’k'> (J €RY) (61)
ko K/

as the single impurity Kondo model.
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