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Chapter 1
Problem (1.3)

Using Dirac delta functions in the appropriate coordinates, express the following charge distributions as three-dimensional
charge densities p(x).

(a) In spherical coordinates, a charge @ uniformly distributed over a spherical shell of radius R.

Solution: A spherical shell has the radial thickness of a point charge, implying that its charge distribution is related
to that of a point charge, i.e. proportional to a delta function. By symmetry it’s evident that this discontinuity isn’t
angular, but rather radial. So, take the ansatz p(r) = Cé(r — R) and solve for C such that the total charge is @,

Q= /dV p= C/errdQ §(r—R)=C(4rR*) = C = 472%2, (1.3-1)
p(r) = 473%2 o(r—R) (1.3-2)

(b) In cylindrical coordinates, a charge A per unit length uniformly distributed over a cylindrical surface of radius b.

Solution: This problem is similar to (a). By cylindrical symmetry and that fact that it is a surface, p(s) = Cd(s —b),
where s is the radius in cylindrical coordinates. In the same way,

Q= C’/sdsd@dz 0(s—=b)=C (27rb)/dz. (1.3-3)

We are given charge per unit length A = Q/L, so the seemingly divergent integral (1.3-3) is irrelevant and I find

A=C2mb) = C=—, .. |p(s)= %ﬂbé(s -b) (1.3-4)

(¢) In cylindrical coordinates, a charge @ spread uniformly over a flat circular disk of negligible thickness and radius R.

Solution: We are no longer working with surfaces/shells, and we have a more continuous distribution. The charge
density must be proportional to a Heaviside function that is 1 inside the disk and 0 outside. In addition, the thickness is
negligible and must be accounted for via §(z). Thus, p(z,s) = Cd(z)0(R — s) such that

Q= C/sdsd@dz 0(z)0(R—s)=C (27r)/dz i(z) /OR sds

Q
TR2’

(1.3-5)
=C (WRQ) = (C'=

p(z,8) = %5(2)0(1% —3) (1.3-6)

(d) The same as part (c), but using spherical coordinates.



Solution: This follows directly from (1.3-6) with the replacement s — r and z = r cos 8, where

50 —7/2)  8(6—n/2)

= S = = 1 -
0(z) = d(rcosh) [ rsin(r/2) . ) (1.3-7)
such that
Q O(R—1r)5(0—m7/2)
= 1.3-
p(r,0) e " (1.3-8)
where I used the formula for §(f(x)).
Jackson (1.5)
The time-averaged potential of a neutral hydrogen atom is given by
q e °" ar
_ ar 1.5-1
dwey 1 (1+2)’ (1.5-1)

where ¢ is the magnitude of the electronic charge, and o=t = ag/2, ag being the Bohr radius. Find the distribution of
charge (both continuous and discrete) that will give this potential and interpret your result physically.

Solution: This problem is simple in the sense that the solution method is obvious; use rewrite Poisson’s equation for
the charge density, p = —egV2®. However, one must be subtle with the computation of the Laplacian with the 1/r factor
being present, as V2(1/r) = —47§3(r). So, my method is to use the Laplacian in spherical coordinates (as a function of
radius) and carefully isolate the 1/r term:

e () B [ (00 D)
1

_ 4 ar(y o1 dod (1
T (1+ 2 ) r2dr | dr \r (15-2)
gl d| d/_, ar
e e 14 —
47 72 dr [Tdr (e ( + 2 ))}
g d 1\ d / _, ar
47 dr (r) r (e <1+ 2 ))
Success. Since I know that L4 4 /1 .
22l =v2(2) = —4ns® 1.5
r2 dr {r dr <r>:| v (T) mo°(x), (1.5-3)
(1.5-2) can be rewritten as
VAR SR L PR VR SRR Y I L (o B A G S ]
p=ao(r) A r2 dr {Tdr (e (1+ 2 ))} Adwdr \r /) dr (e (1+ 2 ))’ (1.5-4)

where I used the fact that the delta function sets 7 = 0 and the pre-factor goes to 1. Continuing with the expansion,

st L (o (14 ) - L)

= ¢8%(r) — a1l (e*‘" (1 + ﬂ)) (1.5-5)



To terms cancel inside the parentheses, leaving just

3

plr) = g0 (x) — T (1.5-6)

as the charge density giving rise to a time-averaged (neutral) hydrogen atom potential (1.5-1). Which has discrete (delta
function) and continuous contributions.

The interpretation of this charge density is easy if you know what a neutral hydrogen atom is; ¢é3(r) is the charge
density of a point charge at the origin with charge +¢, and is representative of the proton. The other term with charge
—q is the "cloud” of electrons, which decays as r — oo, semi-representative of the fact that the probability density of
electrons in quantum mechanics is larger near the origin. Is the net charge really zero?

a® o
Q- /dV pr) = q/dV 5 (r) — 27(477)/0 dr e =~ 11 1(3) =0, (1.5-7)

It is! Note that I'(3) = 2.

Jackson (1.10)

Prove the mean value theorem: For charge-free space the value of the electrostatic potential at any point is equal to the
average of the potential over the surface of any sphere centered on that point.

Solution: I could re-derive the expansion of the electrostatic potential in terms of Green’s functions, but for this
problem I can just take it to be true. As is usual, let ¢ = ® and ¢ = G and substitute them into Green’s theorem Eq.
(1.35) of the text,

1
" 47eg

0P IG(x;x')

d(x) /V B2’ p(x")G(x;x") + % &év d*x’ [G(x; X/)W — @(x’)T , (1.10-1)

which is equivalent to (1.42) of the text, and is a consequence of the Green’s function choice

1

T x—x|

G(x;x) + F(x;x). (V2F =0) (1.10-2)

I am now in a position to discuss the problem at hand. For charge-free space note that p(x’) = 0 which results in

1 oD 0G(x;x")
d = — dz |G(x;x)— — P(x) ———2] . 1.10-3
)= bt (G - o) S (1.10-3)
Recall from Griffith’s that o = —60% is the induced surface charge density on the surface 77, which must be zero since
we are in charge-free space, leaving only a single term:
1 0G(x;x")
P(x)=—— Q@ d d(x)— 21—, 1.10-4
O (1.10-4)

This discussion is equivalent to stating that the Green’s function obeys Dirichlet boundary conditions. Since the Green’s
function depends only on x—x’ in flat spacetime, I can choose the origin to be the point at which the potential is measured,
x = 0, and the result will be valid ¥x. With this choice, I find that

G(0,x') = % + F(x,x'). (1.10-5)

To satisfy the aforementioned Dirichlet boundary conditions, the Green’s function must vanish at some spherical surface
of radius R, implying that F' = —1/R is a constant function and therefore irrelevant to the physics. Why is it irrelevant?
Well, T need to compute the normal derivative of G,

8G(X;X/)_6,<1 1).7%

on’ z R

1 ., . 1
—E(I n) w’:R:_ﬁ’ (110—6)

z'=R



which is a constant over the surface. Thus, (1.10-4) becomes

1

_ P d(x O 1.10-7

o(z)

which states that the potential at some point x, ®(x), is the average of the potential over any spherical surface 9V with
radius R centered about that point.

Jackson (1.12)

Prove Green’s reciprocation theorem: If ® is the potential due to a volume-charge density p within a volume V and a
surface-charge density o on the conducting surface S bounding the volume V', while ® is the potential due to another
charge distribution p’ and ¢’, then

/ d*r pd®’ + da o®' = / d*r p'® + da o' ®. (1.12-1)
% ov v av

Solution: This is an immediate consequence of Green’s 2nd identity with the choice A = ®(r) and B = &'(r),

/Vd3r [@(r) (p(r)) — ®/(r) <p(r))] - fgv da - [B(r)V®'(r) — &' (r)Vd(r)], (1.12-2)

€0 €0

where since on the surface 0V it is valid that n - V& = f%, a cancellation of constant factors and rearranging gives

(1.12-1).

Jackson (1.13)

Two infinite grounded parallel conducting planes are separated by a distance d. A point charge ¢ is placed between the
planes. Use the reciprocation theorem of Green to prove that the total induced charge on one of the planes is equal to
(—q) times the fractional perpendicular distance of the point charge from the other plane. (Hint: As your comparison
electrostatic problem with the same surfaces choose one whose charge densities and potential are known and simple.)

Solution: The reciprocation theorem of Green is given by

/d3x pq>’+/ d*x aq>’:/ >z p’<I>+/ d’z o' ®. (1.13-1)
14 oV 14 oV

This theorem is valid for any two pairs of charge densities and corresponding potentials p, o, ®, and p’, o', ®' iff they are
contained in the same volume V' and boundary surface V. So, my idea is to construct a second set of charge densities
o', o’ with corresponding potentials ®' that are simple, so that I may solve for the induced charge density o of the given
problem.

Inspect the figure below. On the left is the system of the given problem, with a point charge ¢ a distance x from sheet
(1). A simpler problem that has the same volume and boundary is given on the right, which is the case of two (infinite)
parallel-plate capacitors, with plate (1) at z = 0 and having surface charge density +0¢”, and plate (2) at x = d and having
surface charge density —o’. Gauss’ Law tells me that

! !/ T /
E=2¢—=0=-2 [ da'=-T2 (1.13-2)
€0 €0 Jo €0

is the electric field between the plates, and zero outside the plates (no net charge). So, I have solved the system I just

constructed: p’ =0, ¢’ = ¢’ and &' = —o'x/ey. These values allow me to write (1.13-1) as
0./
—— | &z px—l—/ d*z o®' = 0’/ d*z
€ Jv v v (1.13-3)
=0,

where in the last step I made the use of the fact that in the original problem ® = 0 on the surface OV since they are
conductors. I am measuring the potential ®' relative to plate (1), so the surface integral only has the contribution of plate
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Figure 1: Jackson 1.13

(2). In addition, the original problem only has the charge density p(z,y, z) = ¢d(x —Z)d(y)d(z), such that (1.13-3) can be
written as

/ !
- / dr x5z —T)6(y)d(2) + d*z o) (—0d>
€ Jv (2)

€0
qo' . o 9
=——T——d [ dzoy (1.13-4)
)

o T
=—— (¢ + ¢ina.d) = |Gina. = —¢—
€0 d

where I interpretted the surface integral of the charge density as the total charge induced on plate (2), and noted that o’
is arbitrary and can be chosen to be non-zero.

Therefore, the charge induced on plate (2) is —g times the fractional distance Z/d of the point charge to plate (1). Since
the original problem is reflection symmetric about a line between (and parallel) to the conducting sheets, this argument
is valid for either conducting sheet, and hence the problem is proved.

Jackson (1.15)

Prove Thompson’s theorem: If a number of surfaces are fixed in position and a given total charge is placed on each surface,
then the electrostatic energy in the region bounded by the surfaces is an absolute minimum when the charges are placed
so that every surface is an equipotential, as happens when they are conductors.

Solution: Take (1.54) of Jackson and perform a variation:

W:i‘)/ Prive)? = 5W=60/ d®r Vo - Vd
2 v 14

(1.15-1)
=e P dzi VPP — 60/ d*r V?®09.
v %
Assuming the charge lives only on the surface, then V2® — 0 and we are left with
SW = 60515 d*z 1 - VOSO. (1.15-2)
v

If the energy in the region is at an absolute minimum, W = 0. This should be valid Yd6®, implying that the normal
derivative (or gradient) of the potential on ALL of the surfaces must vanish. This is equivalent to the statement that
every surface is an equipotential, and hence Thompson’s theorem is proved. [



Jackson (1.17)

A volume V in vacuum is bounded by a surface S consisting of several separate conducting surfaces S;. One conductor is
held at unit potential and all the other conductors at zero potential.

(a) Show that the capacitance of the one conductor is given by
C= 60/ d>z|V|?,
1%
where ®(x) is the solution for the potential.

Solution: To solve this problem I will use Green’s 1st identity (or I.B.P),

/ d*z [AV?PB+ VA - VB] :yf (da-VB) A, (1.17-1)
v v
which if I note |[V®|? = V® - V& allows me to express the following integral as
60/ dz2|VO|? = 6055 (da-V®) P — / d*z dV>. (1.17-2)
v av v
Note importantly that
0]
da- Vo = da?® — da (U> : (1.17-3)
on €0
where I recognized the normal derivative of ® as a variant on the induced charge density. In addition, since the volume
is in vacuum, V2® = —p/ey = 0, so the volume integral in (1.17-2) vanishes:
60/ 32|V |2 :yﬁ da ®o. (1.17-4)
v v

The resulting integral is over the entire boundary, and is greatly simplified by noting that ® = 1 on our special surface
and ® = 0 on all other surfaces. Thus, defining o as the surface charge on the conductor at unit potential, I find

60/ dr|Vo|)? = yg da (1)o =Q (1.17-5)
v v

where @ is the total charge present on the unit potential conductor. Since the capacitance is defined as ”the total charge
present on a conductor held at unit potential”, I can recognize the r.h.s as the capacitance,

60/ dz|Vo|? =C (1.17-6)
14

and hence the relation given is proved. [J

(b) Show that the true capacitance C is always less than or equal to the quantity
Cl] = eo/ P VP,
1%

where ¥ is any trial function satisfying the boundary conditions on the conductors. This is a variational principle for the
capacitance that yields an upper bound.

Solution: If this is to be compared to the system in part (a), showing that this is an upper-bound to that capacitance,
it makes sense to take U as a variation around the potential of part (a): ¥ = ® + §U. This is further justified since ¥
must satisfy the same boundary conditions as @, further implying that §¥ = 0 on the boundary. We have then, that

|VU|? = VI . VU = (VO + VU) - (VO + Vi)

) , (1.17-7)
= |VO[? 4+ 2V® - VOV + |V5U|?,



such that

C[v] 260/ d3x|v<1>|2+2eo/ d3xV<I>-V5\Il+eo/ 32|V |?
v v v (1.17-8)

=C+260/ d3xV¢-V5\I/+eo/ d3x|Vow|?
14 14

where I recognized C[®] = C as the true capacitance. I will now expand the middle integral using Green’s 1st Identity
(or ILB.P):

C[¥] = C + 2¢ <§£ (da-V(b)é\Il—/ d%v%w) +60/ x| Vo |? (1.17-9)
ov 14 14

Since I argued that §¥ = 0 on the boundary, the surface integral vanishes. Furthermore, V2® = 0 in vacuum, so only one
integral remains:

C[\I’]:C—i—eo/ x|V |? (1.17-10)
14

For any arbitrary (nonzero) shift, whether positive or negative, the remaining integral is strictly positive. It is therefore
valid for me to claim that

C < C[V] (1.17-11)

and hence C[¥] is an upper-bound on the true capacitance. O



Chapter 2
Jackson (2.2)

Using the method of images, discuss the problem of a point charge ¢ inside a hollow, grounded, conducting sphere of inner
radius a. Find

(a) The potential inside the sphere;

Solution: Inspect the following Figure:

=3
i ¥ Q (

Figure 2: Jackson (2.2)

Here, I let r be the position (inside the sphere) at which the potential is evaluated, r, is position of the charge ¢, and
ry is the position of the image charge ¢’. My choice in choosing ry || r, is through the symmetry of the system. The
potential due to these two charges has the simple form

*0)= o e T

e [[fr—rgl] T [Ir =1yl

(2.2-1)

1 q n q

= e 2 2 2 2
0 T4 —2rrgcosy + 1y r? — 2rry cosy + Ty

where I am defining = |r| as the magnitude of a vector, and taking cosy = 7 - #, as the angle which subtends r and r,.
For a sphere radius of a, the condition that the potential lies inside implies the restriction » < a. It must be true that
®(a) = 0 Vv, and since I have two undetermined quantities, I will choose the simple cases of v = 0, 7

(y=0), 0 1[ (| Q]«w@+¢mmm

:47T€0 a—1gy)? (a—ry)
V-7 a-r, o)
1 q q /
=), = + =q(ry +a)+qla+ry),
(v ) Areg [J(G+Tq)2 \/(a+rq/)2 q(rq ) +d'( a)
where I made use of the fact that r, < a < ry. If these two equations are added I find
_ / ;. Aqrg
0=2qry +2¢a = ¢ = ——, (2.2-3)
a
which can be substituted into the v = 0 equation to give
qre a®
0=gq(rgy —a) - (a—ry) = rg =—, (2.2-4)
a Tq



which uniquely determines the position of the image charge. This representation of r, implies that the magnitude of the
image charge is ¢ = —qa/r,. With this choice, I will determine if ®(a) = 0 V:

1
b(a) = - q B qa :
me
0 \/a2 — 2arq cosy + 12 rq\/a2 9 (%2) cosy + (%2)
- (2.2-5)
_ 1 q _ q
4meg I \/a2 — 2ar, cosy + 12 \/a2 — 2arqcosy + 12
which is elegant. Therefore,
1
o(r,7) = a - a/rq > (2.2-6)
e 2 _ 2
0 \/r 2rrg cosy + 12 \/TQ_QT (‘T’—z)cosv—i—(%?)
is the potential in spherical coordinates inside the sphere.
(b) The induced surface-charge density;
Solution: Recall that
o(r) = e - VO(r,7) (2.2-7)
where I used 7 = —7 for the inside surface. Note that I took Eq,; = 0 since its a conductor and the charge is inside. So,

since the surface-charge density only picks out the radial component, I only need to evaluate the radial component of the
gradient in spherical coordinates, V ~ #0,.. It is standard to compute the radial derivative then evaluate it on the surface,

2
R T e S S L
Ea b -
r=a 471'60 2 _ 2 3/2 T 2 3/2 r=a
(r2 — 2rry cosy +12) q (r2—2r (%)cosw—i—(%) )
2
_ g a — 14087 (a a—i—qcosv (2.2-8)
dmeq 2 _ 2)3/2 T 2\ 3/2
(a? — 2arg cosy +12) a <a2—2a <%> cosy—!—(%) )
r 2
dmeg (a2 — 2ar, cosy + rg)?)/z ,

where I was able to combine the two fractions via a similar manner as (2.2-5). In light of (2.2-7), the surface charge density
has the form

7‘2

qa 1—- -2
oly)=—— a . (2.2-9)
4m (a2 — 2arqg cosy + 7“3)3/2

which is indeed negative since r, < a. Now, since I now the electric field is outside, the total induced charge must be



negative that of the enclosed point charge, —q. Is that true?

2 1 z
q Tq d(cos7) q[a—2 1 1
Q= /daa(’y) =——27m)|a——+ / =— | —= | (-2 _
m a -1 (a?® — 2argcosy + 7‘3)3/2 2\ Z2ar, a+ry a—Ty

of course it is.
(¢) The magnitude and direction of the force acting on q.

Solution: I could evaluate this by writing the differential force dF in terms of the surface-charge density (2.2-9) and
doing the integral, but instead I know that the system is equivalent to the given charge ¢ and its image ¢’, so I just to use

Coulomb’s Law for the force due to the image ¢’ = —qa/r, at a distance of ‘;—2 — rq from the charge ¢:
2 2
1
_ 4(] a i = |F= 4q (%) 5T (2.2-11)
T\ r (£ 1) O (1= (ryfa)’)

which is an attractive force pushing the charge towards the point of the sphere’s inner surface with the maximal charge
density o (0).

(d) Is there any change in the solution if the sphere is kept at a fixed potential V? If the sphere has a total charge @ on
its inner and outer surfaces?

Solution: If the sphere is kept a fixed potential V', I need to add a term to the potential I derived (2.6). Since this
addition is constant over the whole surface, the surface-charge density is left invariant, as it is proportional to a derivative
of the potential. Hence, the solution is unchanged.

In the case that a total charge of @ is on the surface, I know that we must still have —¢g as the inner surface charge for
Gauss’ Law to be satisfied. This fixes the outer surface charge as Q + ¢, which is a constant, giving rise to a (constant)
addition to the potential which (using the same argument above) leaves the physics unchanged.

10



Jackson (2.5)
This question is in two parts; You might find it useful to note the identity

1 n 1 i n 1 1
2(22-1)2 © 23(22-1) 25 4(z—1)2  4(z+41)%

(a) Show that the work done to remove the charge ¢ from a distance r > a to infinity against the force, (Jackson 2.6), of
a grounded conducting sphere is

__ da

~ 8meg(r2 — a?)’

Relate this result to the electrostatic potential, (Jackson 2.3), and the energy discussion of Section 1.11.

Solution: The force (Jackson 2.6) is

2 2\ —2
T <1 - a) . (2.5-1)

T dmeg 3 y?

The work done as I move the charge under this force is given by the usual formula:

W:/dy|F|: ¢’a /OO dy
4dmeg J, y3<l—ﬁ)2

Y

_ ¢%a /°° dy y
dmeo Jr o (y2 —a?)’ (2.5-2)

¢?a [ du
87760 r2_q2 u?

___ ¢qa
~ Smep(r? — a?)

O
Using the values ¢’ = ga/y and 3’ = a?/y, the potential (Jackson 2.6) can be written as

1 q q ) q 1 a
0= ey (T o) = s ey sl — 2yl 253)

I will now make the choice x = y = r, as the charge corresponding to (2.5-3) is the one we moving. The first term appears
to cause issues, but can be ignored since it is an infinite self-energy:

(r) = -2 a B qa

- Amcoylle— G| Are(r? —a?) (2:5-4)
Recognizing W = ¢®, I get the form (2.5-2) up to a factor of —1/2. In reality, I am double counting in (2.5-5) by
considering the effects of the image charge, and I should divide the resulting work by 1/2, which gives the work formula
(2.5-2). This is because it takes no work to move an image charge. The minus sign difference is because in one case I am
removing the charge, while in the other I am placing it in the system, which is redundant for my purposes.

(b) Repeat the calculation of the work done to remove the charge ¢ against the force, (Jackson 2.9), of an isolated charged
conducting sphere. Show that the work done is

1 [ ¢*a ¢*a qQ}

- dmeg | 2(r? — a?) w2

Relate the work to the electrostatic potential, (Jackson 2.8), and the energy discussion of Section 1.11.

Solution: I perform the exact same calculation as before, but with the new force

g 1 qa®(2y* — a®)
dmeg y? y(y? —a?)? |’

F| = (2.5-5)

11



from which follows that

fon b

qQ s /°° 2y* — a®
~ dmeg T 47‘(‘60 a P2 a2 —1)2

_ 1 qQ 1 'S /°° 222 -1
 dreg ( r > + 4d7eq (a r/a dZZS(z2 —1)2 (2.5-7)

Using the partial fraction decomposition given in the problem statement,

Let z = y/a, so dy = adz and

1 qQ 1 [q¢? o0 1 1 1
W = - = dz — — -
dmeo ( r ) T Ire ( a) ). T E T Aty
1 1 2 1 1 1 0
_ _9Q) N[ n
dreg r dreg \a ) 222 4(z—1) 4(z+1)] lv/a
2 2
L (La@)_ 1 (¢\|e o o« (2.5-8)
4reg r dreg \a ) |2r2  4(r—a) 4(r+a)
_ L[ e sa 4@
dmeg |2(r2 —a?) 202 7
1 2.3
_ qga 4+ @ O
dmeg | 2r2(r?2 — a?) r

which is precisely the same as the problem statement. The potential (Jackson 2.8) has the form

B(x) = 1 [| q qa Q+qa/y]7 (259)

dme |llx =yl yllx - Lyl |1l

which for our purposes can be simplified analogously as (2.5-4) be letting x =y = r and dropping the infinite self-energy
term. Recall that the second term gives rise to the same (2.5-4), such that

B(x) = —% [(7“2q—aa?) - % - Q] . (2.5-10)

Recognizing that W = ¢®, (2.5-10) gives rise to the same work if we account for the double counting on the terms that
are a result of the image charge (the ones with ¢?). The minus sign difference is because in one case I am removing the
charge and in the other I am putting it in, and is redundant.

12



Jackson (2.7)

Consider a potential problem in the half-space defined by z > 0, with Dirichlet boundary conditions on the plane z = 0
(and at infinity).

(a) Write down the appropriate Green function G(x;x’).

Solution: To satisfy the given boundary conditions, G(x;x’) = 0 on the plane and at infinity. The most general

choice,
1

Gl x) = 0]

+ F(x; %), (2.7-1)

can be determined to vanish at the boundary through an argument akin to the method of images. This is because G(x;x)
is proportional to the ®(x) via a point charge at x’. If I envision a point charge a distance +z’ from a conducting plane,
the method of images implies the placement of an image with opposite sign a distance —z’ from the plane. So, first using
the formula for ||x — x'|| in cylindrical coordinates,

1
V82 + 2588 cos(¢p — @) + 82 + (2 — 2')2

it is evident through my method of images argument that F'(x;x’) is (—1) X the first term with the additional replacement
2= =z

G(x;x') = + F(x;x'), (2.7-2)

1 1

Gl x) = \/82 + 2ss' cos(¢p — @) + 82 + (2 — 2/)? a \/82 +2ss' cos(dp — @)+ 82+ (24 2)?

(2.7-3)

which has the property of vanishing at the surface z = 0 and spatial infinity, while also keeping the condition that
V2F(x;x') = 0.

(b) If the potential on the plane z = 0 is specified to be ® = V inside a circle of radius a centered at the origin, and ® =0
outside that circle, find an integral expression for the potential at the point P specified in terms of cylindrical coordinates

(87 (b’ Z)'

Solution: The potential for Dirichlet boundary conditions can be simplified through the assumption p = 0, and the
use of 7/ = —2’ (outwards from half-space z > 0):

M%L/)w%ﬁ//+¢d¢ o6

(2.7-4)
d
- & ¢ ado) %
The normal derivative is simple to find,
oG ) z—2 2+ 2
@ - l’lino 2 / / 2 1N2)3/2 + 2 / / 2 N\233/2
z (s2 + 2ss' cos(p — ¢') + 82 + (z — 2')?) (s2 + 2ss' cos(¢p — @) + s + (z + 2)?) (2.7-5)
_ 2z
(82 + 2ss’ cos(¢p — ¢') + 82 + z2)3/2 7
such that after using da’ = s'ds’d¢’ 1 find
Vv 27 9 !
o(x)=— [ do / ds’ = — (2.7-6)
dm Jo 0 (82 +2s8' cos(p — @) + "2 + 22)

as the potential at some point s, ¢, z in cylindrical coordinates. Note that since the integration runs only on s € {0,a} I
can make the replacement ¢(x') = V.
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(c) Show that, along the axis of the circle (s = 0), the potential is given by

z
=V (1-——
< \/a2+z2>

Solution: Take the case where s = 0,

VZ 27 a S/
P = — d ds' ———— e
=gy o @ (27-7)

the integral is elementary after substituting u = s'? + 22,

(12+Z2
O(x) = % /2 duu™? —= |®(z)=V <1 — \/ﬁ) (2.7-8)

the potential depends only on 2z due to the rotational symmetry under the choice s = 0.

(d) Show that at large distances (s% + 2% > a?) the potential can be expanded in a power series in (s? + 2%)~!, and that
the leading terms are
Va? z 3a? 5(3s%a? + a*)
P = 1- + T
2 (824 22)3/2 4(s2 +22)  8(s?+ 22)?

Verify that the results of parts ¢ and d are consistent with each other in their common range of validity.

Solution: To get the overall factor in the problem statement I need to pull out a factor of s? 4 22, which is supported
by the fact that it allows me to (eventually) perform a binomial expansion of the integrand (2.7-6):

27 a / Dol A A\ —3/2
B0 = b [ o [ s (1 SR (27-9)
0 0

T2 (24 22 s2 4+ 22

To justify the expansion, the angular term is bounded between &1 and is small, and the integration s’ is over a region
[0, a] which is small under the condition s? + 22 > a2, hence s? + 22 > s2. The only issue is the fact that the angular
term involves a factor of s in the numerator, but I will assume that z is large enough in itself to compensate for this factor
(so that s 4 2% > s). Since (1+2)" =1+ nz + gn(n —1)a? +---,

Vz 1 2 © o, 3 1 " 2
Q(X)_%(32+z2)3/2/0 dd)/o ds (s YR (5" + 255" cos(é="7"))

z

15 1 15 2,73 2 ! 13

gm(s + 455" cos®(¢p — ¢') + 4ss cos(d—="7") —|—> (2.7-10)
(3 (T s
27 (82 4 22)3/2 i 2\2 2422 8 (s2422)2 ’

which can be rewritten as

D(s,2) =

2 2 2 2 4
Va B [ 3a 5(3s%a® + a*) } (2.7-11)

2 (242232 | A(s2+22) | 8(s2+ 22)2

as desired. Relation (2.7-11) and (2.7-8) are common for the choice of s = 0, under which follows that z > a and (2.7-11)

w05 () -3 O =7 (OO ]
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Note that

v A G ORHON @19

which allows me to rewrite (2.7-12) in the form

D(2) =V (1 - Z) (2.7-14)

which is (2.7-8).

Jackson (2.15)

This question has two parts:

(a) Show that the Green function G(x,y;2’,y’) appropriate for Dirichlet boundary conditions for a square two-dimensional
region, 0 <z <1, 0 <y <1, has an expansion

G(x,y;2',y') =2 ga(y,y') sin(nmz) sin(nra’),
n>1

where g, (y,y’) satisfies

62
((93/2 - n27r2> gn(y,y') = —4né(y' —y), and gn(y,0) =gn(y,1) =0

Solution: This Green’s function is a function of 4 coordinates, and a Fourier series expansion must account for each
of them. For fixed ends (Dirichlet) the mode functions are

unp(z) = \/zsin (n%(x - a)) =1 a0, 2sin(nmz), (2.15-1)

where I used L = 1,a = 0 for the given square region. In solving Laplace’s equation in 2d via separation of variables, we
are forced to choose one function as oscillatory and the other is exponential. I choose to expand in terms of sines for x, z’,
and to leave the y,y’ dependence as a function g,(y,y’), giving a general expansion

G(z,y; a, y/) = Z gn(y,y')un(x)un(a:/)

n>1

N . _ ; (2.15-2)
= |G(z,y;2",y) =2 Z 9n(y,y) sin(nmz) sin(nra’)
n>1

which agrees with the problem statement. To find the equation obeyed by g,, I will take inspiration from the defining
property of a 2D Green’s function,
V2G(z,y;2',y') = —4md(x — 2')o(y —y), (2.15-3)

which can be reduced to an equation on g,, by substitution of (2.15-2):

—And(x — 2 )o(y —y') =2 Z V"2 [gn(y,y') sin(nma’)] sin(nmz)

n>1

o2 (2.15-4)
=2 Z <8y’2 - (mr)2> 9n(y,y) sin(nmx) sin(nra’).
n>1
To simplify this relation I will exploit the orthogonality of the mode functions,
! 1
/ dz sin(nmz) sin(mnrzx) = §6nm’ (2.15-5)
0

15



through a multiplication of a ratio of sines sin(mmz)/ sin(mnz’) followed by an integration over x,

—amily =) [ de oo —a) SEEET <2 3 (s — ) ) ) S

sin(mmz’) =~ sin(mma’)
1
x/ dx sin(nmz) sin(mmz) (2.15-6)
0
0? sin(nmra’) (1
—4md(y — / =2 - ? n N——= 75nm )
oy ) =~ (82/2 (nm) >g (y’y)sin(mﬂ'ac’) (2 )
0 2_2
(Wg —n'm ) gn(y,y') = —4mi(y’ — y) (2.15-7)

No second-order differential equation is complete without two boundary conditions. For Dirichlet boundary conditions, I
require g, (y,y’) to vanish y' = 0,1 Vy, such that ‘gn(y, 0) =gn(y,1)=0 ‘ are the boundary conditions on g, (y,y’).

(b) Taking for g,(y,y’) appropriate linear combinations of sinh(nzy’) and cosh(nwy’) in the two regions, 3y’ < y and
y' >y, in accord with the boundary conditions and the discontinuity in slope required by the source delta function, show
that the explicit form of G is

1 . . . .
G(z,2';y,y) =8 ; pop sin(nmx) sin(nmz’) sinh(nmy< ) sinh[nr(1 — ys )]

where y-(y>) is the smaller(larger) of y and y'.

Solution: I will analyze (2.15-7) in two cases,

3 gn .
(v>y) i =m0 = gulyy) = Asinh(nmy)),
(2.15-8)
3 gn :
(y<v) 9y n’m?g, = gn(y,y’) = Bsinh(nw(1—y/)).

I chose sinh to enforce the fixed ends boundary conditions ¢, (y,0) = ¢g,(y,1) = 0. I can write the general solution with
the use of Heaviside functions,

gn(y,y") = 0(y — y')Asinh(nmy’) + 0(y — y) Bsinh(nw(1 —y')). (2.15-9)

The trick in determining the coefficients is to substitute (2.15-9) into (2.15-7), where

ggrf =0(y — y')nmAcosh(nry') — 0(y' — y)nm B cosh(nm(1 — "))
Y
+0(y — ¢') (—Asinh(nmy) + Bsinh(nm(1 —
- (v —9)( (n7y) (n7(1 —y))) (2.15-10)
a;; =n?n?g, +nné(y — y') (—Acosh(nry) + Bcosh(nm(l — y)))

+0'(y — v') (—Asinh(n7y) + Bsinh(nn(1 —y)))
For (2.15-10) to match (2.15-7), I find two sets of equations which can be written in matrix form,
cosh(nmy) cosh(nm(l1—1y))\ (4 4/n
(— sinh(nmy) sinh(nm(1 —y))> <B> - < 0 ) ’ (2.15-11)
Since the Wronksian can be evaluated as

cosh(nmy) sinh(nm(1 — y)) + cosh(nm(1 — y)) sinh(nry) = sinh(nmy + nw — nwy)

2.15-12
= sinh(nm), ( )

16



(2.15-11) can be easily inverted:

<A) _ 1 (sinh(nﬂ'(l —vy)) —cosh(nm(1— y))) <4/n>

B sinh inh h 0
sinh(nm) -sm (nmy) cosh(nmy) (2.15-13)
- 4 sinh(nw(1 —y))
 nsinh(nn) sinh(nmy) .
With A, B known, (2.15-9) can be written as
4 sinh(nmy’) sinh(nw(1 — 4 sinh(nmy) sinh(nw(l — ¢’
ol y)) = 00y — o) (nmy’) sinh(nr(1 — y)) Fo(y — ) ( y)‘. (nm(1—y'))
n sinh(n) n sinh(n)
(2.15-14)

_ 4sinh(nmy<)sinh(n7(1 —y-.))
B nsinh(nm)

)

where y.(y~) are the lesser(larger) of y,y’. With g, determined, I only need to substitute it into (2.15-2) to get the
answer,

1 . . : .
G(x,2"5y,y) =8 Z rrsinh(nm) sin(nmx) sin(nmz’) sinh(nmy< ) sinh[nr(1 — ys )] (2.15-15)

n>1

which is the expansion of the Green’s function in a 2D square with Dirichlet boundary conditions.
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Chapter 3
Jackson (3.2)

A spherical surface of radius R has charge uniformly distributed over its surface with a density Q/47R?, except for a
spherical cap at the north pole, defined by the cone 6 = .

(a) Show that the potential inside the spherical surface can be expressed as

Q 1 r!
o= ZQH—I [P41(cos @) — Pi—1(cos )] R

8o ——Py(cosb), (3.2-1)

where, for [ =0, P,_1(cosa) = —1. What is the potential outside?

Solution: I will express the potential as an integral over the charge density of this distribution, then use the expansion
of 1/R:

‘I’(I‘) — 1 /dST/ p(r’)

4reg [lr — ||
Q 1 /27r / ’ /oo Is(od 2 1
= Tnc, InE2 de¢’ d(cos0")O(0" — ) dr'§(r’ — R)r T (3.2-2)
Q@ 1 Z Z ——Y (0,0 /Qﬂ de¢’ / d(cos0") — )Y (0 (;5’)/00 dr's(r’ — R)r'"? e
" dmey 4nR? 2z +1 im0 ) i
where since
2m 20+ 1 (1 —m)! 2
| doviee) =% P cos ) | aseme
0 i m: 0 (3.2-3)
20+ 1
— l4+ Py(cos0')2m8,, 0,
then (3.2-2) becomes
d(r) = Q1 Z o —=-Py(cos ) /1 d(cos 0")O(cos a — cos 0) P (cos §')
4meq 2 = H‘l 4 :
(3.2-4)

87reoz H_lPl (cos ) /_1\ d(cos0")P,(cosf")

>0 7>

Note that I made the substitution O(6" — o) = O(cosa — cos ), after which changing the integral bounds. Note that
before the delta function, r,r< € {r,7’'}, but now r,r~ € {r, R}. My idea is to take investigate the 8 = 0 case, whereby

using (Jackson 3.28),

1 d
— % p - 2-
21+1dm( 1+1() 1-1()) (3.2-5)

I can express the integrand of (3.2-4) as a total derivative and use the 1st FTC:

P(z) =

COSs & d
n_% (p N_p ,
(x) 87reoz2z+1rl“/1 dleos ) gy T (cost) = Proafcos )

cos @

[P, P -
87“0;2“1 =5 [Py (cos0) — P (cos0)] (3:2:6)

l

~ 8reo Z 2z+ 1y l+1 [Pis1(cos @) = Pl (cos o)

18



where I made the argument that
P(-1) = (-1)'P(1) = (-1)! = Ppi(-1) = Fi(-1) = —(-1)!, (3.2-7)

which sets the lower bound to zero. The potential for any 6 is can be found by multiplying each term in the series (3.2-6)
by a corresponding P;(cos 6),

1 7!
Z ——— [Piy1(cos @) — P_1(cos )] = Pi(cos 6) (3.2-8)
>0 20+ 1 1”>+

d(r) = «

"~ 87eg

For the potential inside the sphere, simply set 7« = r and r~ = R, which coincides precisely with the problem statement
(3.2-1). The potential outside can be found by setting r- = R and r~ = r.

(b) Find the magnitude and the direction of the electric field at the origin.

Solution: To find the electric field at the origin I need to take the gradient of ® under the choice r- =r, r~ = R
then evaluate it at r = 0. Clearly, for [ > 2 then Fji, is an explicit function of r and vanishes at the origin. The | = 0
term gives a constant, as Py(cosf) = 1, ¥ = 1, so it vanishes from the gradient. Thus, I only need to look at the I = 1
term of (3.2-8):

1
Bin(r,0)01 = 8772]%2 3 (Pa2(cos o) — Py(cosa)) rPy(cos @)
Q 1/3 , 3
_ 173 _3 , 2
Srel23 \2 cos"a— 5 r cos 6 (3.2-9)
= _WQORQ sin? o (r cos 0) .
Now, note that since z = r cos 6, then V(rcosf) = V(z) = 2, such that the corresponding electric field is

o . .2 A

Eorigin = —V(®in(r,0)) = W sin® a2 (3.2-10)

which for given « is a constant and in the Z direction. Note that I suppressed the d; ; from (3.2-9) in (3.2-10) since I know
the gradient (and r = 0) will omit the other {’s naturally. The angular dependence has vanished by spherical symmetry,
and is buried within the expression for Z in terms of 7, 6.

(c) Discuss the limiting forms of the potential (part a) and electric field (part b) as the spherical cap becomes (1) very
small, and (2) so large that the area with charge on it becomes a very small cap at the south pole.

Solution: I will start with the electric field for both cases since it is simple. For a small cap, o ~ 0 and I am free to
take sin? a ~ a? such that

Q a—0
Eorigin ~ ) 2
16meg R

0, (a~0) (3.2-11)

which vanishes for « = 0 ... obvious through Gauss’ Law since the charge is uniformly distributed across the surface for
that case.
In the limit of a small cap at the south pole o ~ , I can approximate sin?(m — a) ~ (7 — a)? such that

Q
Eori in ™ -
& 16meg R2 (m

)2 a—T

2270, (a~T) (3.2-12)

which clearly vanishes under o = 7 because that case corresponds to no charge at all!

I will now look at the potential (3.2-8). For a ~ 0 I will expand cosax ~ 1 — %2 Since I would have Pj(cosa) ~

P, (1 — O‘;) for a <« 1, I can Taylor expand the Legendre polynomial to first-order:
o? dP, o?
Pll1-—)~PF((1 —(1 —— 3.2-13
(1-5) ~ro+ Tox (-F). (3213)
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thereby implying that

A (1= ) = por (1= 5 ) ~ (Rt = a0y - 5 (T - =)
~ (Per(1) — Pea(1)) — (214D

(3.2-14)

where T used (3.2-5) to simplify things (with P;(1) = 1). For [ > 0, the term in parentheses vanishes because the Legendre
polynomials are normalized (and here the indices are > 0), giving

2 2 2
Piis <1 - O;) P, (1 - o;) ~—(20+ 1)%, (1> 0). (3.2-15)
In the case [ = 0 the first term doesn’t vanish, as P_1(1) = —1 from (3.2-7) which means the term in parentheses is 2:
o? a? a?
Pll-—|-P|l—— ) ~2—— [ =0). 3.2-16
(-2 (D) o 5210
At last, I can expand (3.2-8) after isolating the [ = 0 component from the rest:
Q 1
O(r,0) = —— (P1(cosa) — P_1(cos ) —Po(cos 0)
8meg
!
871'60 Z 1 (Py1(cosa) — P_1(cos @) %Pl(cos 0)
2 2 ©© (32—17)
~ @ p P @ o Z Pi(cos )
8meprs 2 8mep 2 Pt

Q a? l<
~ — 0),
dmegrs 87T€ 2 Zo >+ (cos

where I shifted my index in the last equality to absorb the a?/2 term. Elegantly, I can use (Jackson 3.38) to simplify
the sum! Since cosf = 7 - 2 and the charge giving rise to the potential is at r' = RZ, the sum can be interpretted as
|[r — R2||7!, further motivated by my choice (r<,r~) € {r, R}:

Q Qo? 1

Amegrs  16me |[r — R3]

B(r) = (o ~ 0) (3.2-18)

which is the expansion of the potential to first order in the small parameter @ ~ 0. In the case a = 0 only the first
term remains, and for ®.,; it is simply the potential of a point charge @) centered at the origin. The second term is the
potential of a point charge —Qa?/4 centered at r = RZ (since a ~ 0), and is the term arising from the (small, o ~ 0)
cap that effectively becomes a point source for small « (smearing a negative charge over positive charge has the effects of
an absence of charge). Note that the electric field (3.2-11) follows automatically from (3.2-18) from taking the gradient
(under r~ = R of course).

For the other limit, note that cos a ~ —(1 — (7 —«a)?/2) for a ~ 7. Under this approximation, the Legendre polynomial
become

Picosa) ~ (=1)' P (1 - (77—002)

~ (1R - (R ) (3.2:19)

20



where I used the parity to pull out a factor of (—1)!. Note that the (—1)! pre-factor accounts for the I = —1 case and I

was free to assume the normalization P;(1). Therefore, I find that

Piya(cosa) — Py (cosa) = [(=1)*

4 R [y - )] -y

241

5 (r—a)?(-1) VI
Substituting this into (3.2-8), I find

l

b(r) = -2 (w—a)QZ(—l)l%Pl(cosﬁ)

167eg = 3
Q 2 Tl<
— —0)?Y 2= Pi(—cost
167T€0(7T “ 1>0 rE 1= eosf)

where I reabsorbed the parity factor into the Legendre polynomial. Using the fact that 7 - (=2) =
(Jackson 3.38) to simply the sum:

Qr—aP 1
16meq  ||r + R2||

O(r) = (a~ )

(3.2-20)

(3.2-21)

—cosf, I can use

(3.2-22)

This limiting behavior has a simple interpretation, as for a ~ 7 the only charge in the problem is very tiny ”arc” of charge
at ' = —R2, which for small « effectively forms the potential of a point charge Q(m — a)?/4. Note importantly that there
is no extra term like in (3.2-18), as this limit does not correspond to an ”almost full” spherical shell of charge, and the

gradient of this limit (3.2-22) gives precisely the electric field (3.2-12) under o ~ 7 ... as it should!
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Jackson (3.10)

For the cylinder in Problem 3.9 the cylindrical surface is made of two equal half-cylinders, one at potential V' and the

other at potential —V, so that
V, —m/2< <7/ 2
V(g 2) = m2<é </ (3.10-1)
-V, 7/2< ¢ <3m/2

(a) Find the potential inside the cylinder.

Solution: Here we have that ® — 0 on the top and bottom of the cylinder, implying that I can do a fixed ends mode
expansion for the z-dimension:

Z(z) x sin (%z) . (nezZh) (3.10-2)

where the n = 0 term is trivial but I will include it anyway. In ¢ we have periodic boundary conditions, so the mode
expansion in that dimension is '
(p) x ™. (meZ) (3.10-3)

Now for the radial dimension, I need to avoid the singularity at s = 0, and I will do so by picking the modified Bessel
function of the first kind,

L (TZT ) , (3.10-4)

which is zero at the origin. My reasoning for choosing the modified Bessel function is because I need it to behave like a
hyperbolic trig function, as my other two dimensions are oscillatory. As is usual in the expansion of solutions Laplace’s
equation in cylindrical coordinates, the Bessel function index is the same as the azimuthal index, and the same wave
number nw/L as the z-dimension. With these mode functions, I will take a general expansion

Z Z Ay sin ( ) Iy, (nzb‘) eme, (3.10-5)

n=0m=—o0

All boundary conditions are satisfied except for the surfaces held at potentials £V, in which case I need to use orthogonality:

27
X I|7n\ (TM) / do ei(m—k)d; (310—6)
L 0
lmh /2 i —m/2 I I L
Alk (277) (> ]|k| (7Lr) =V </ B d¢e—zk¢ _ //2 dqf)e—quﬁ <_lﬂ_COS (7225)) ‘0
AV L .
= g Sn(k/2) (1 — cos(im)),
4V sin(wk/2)(1 — cos(im)) 1
A= Ik T (22’ (3.10-7)
K| ( L )

so I can express (3.10-5) as

sin(7k/2) 1—cos(l7r)) . (lmz M piko }
By (5,6, 2) = gk;w 1n< I ) TGOS (3.10-8)

o

22



Using the fact that sin(7k/2) = 0 if k is even and 1 — cos(Iw) = 0 if [ is even, I can restrict the sums to be only over odd
integers. This motivates the substitutions | — 2! + 1 and k — 2k 4 1, such that

(2l1+1)7s
Z Z sin (25 7r) (1 — cos (21 + 1)) “in ((2[ + 1)7rz) prasy ( L >e¢(2k+1)¢
20+ 1)(2k+1) L Tois| (M)

11'1 8 ¢)
=0 k=—o00
(3.10-9)

I ((2l+1)7rs>
Z Z sin (2l —+ ].)T('Z |2k+1‘ L ei(2k+1)¢
(2l + 1 2k +1) L

1=0 k= VpTAY (W)

where I used the fact that sin((2k + 1)7/2) = (—1)* and 1 — cos((2l + 1)m) = 2 when k,[ are integers. Making the
substitution Y72 =232, my solution for the potential inside the cylinder is

(2i1+1)7s
16V (204 17z I|2k+1|( I ) .
(I)i — Z(2k‘+1)¢ 10-1
(s ZZ 2l+ 2I<:+1) m( L )I @i+ (310-10)
1=0 k= 0 [2Fk+1] L

(b) Assuming L > b, consider the potential at z = L/2 as a function of s and ¢ and compare it with two-dimensional
Problem 2.13.

Solution: For L > b1 also have L > s and it is valid to expand both Bessel functions for small arguments,

@l+D)rs k F
Tk, ( - ) 1 ((21+ 1)7rs)2 " T2k +2) <2L)2 o (f)”““ (3.10-11)
Liog 41 (W) reke2) . e b

Using this expansion and letting z = L/2, (3.10-10) can be written as
(2l+1)7r)

[e'e) 1 M ) ., i 2k+1 [e'e) 1
Vv sin _1\k i Vv sin
Pin. | s, qb,* _ 10 ( : ) E 1) > L tan ™ (fei‘f’) E 7( 2 (3.10-12)
2 20+1 o~ (2k+1) \ b 72 b 20+1

1=0 =0

where T used the series expansion of arctangent. Using the fact that sin((2] + 1)7/2) = (1)}, I can write the sum over [
as a variant on the alternating harmonic series,

> sin (Ll;l)ﬂ) s ( 1)1
— 0
= =_ 3.10-13
2041 Z 20+1 47 ( )
1=0 1=0
giving
4V ;
Dy, <s 0, ) —tan~! (ﬁem) . (3.10-14)
i b

The actual potential for this problem is the real part of (3.10-14), and I cannot just simply replace the exponential with
a cosine. Since the real part of a complex number satisfies Re[z] = 3(z + z*), the real part of the potential has the form

Dy, (S o, = > 2: (tan 1 (%ew) +tan™! (%e‘i‘b)) = gtan_l (W) , (3.10-15)

b2
Dy, <s o, ) 27‘:‘5 (W) (3.10-16)

where I used the addition formula for two arctangents. This is the potential (3.10-10) at z = L/2 for L > b. Comparing
this to (Jackson 2.13),

d = (3.10-17)

V1+V2+V1_V2t _1 [ 2sbcos ¢
an —
2 T b2 —s2 )’

I find that the two are consistent under the choice V; =V and Vo, = —V| as given in this problem.
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Problem (3.23)

A point charge ¢ is located at the point (p’, ¢, 2’) inside a grounded cylindrical box defined by the surfaces z = 0,2z =
L, p = a. Show that the potential inside the box can be express in the following alternating forms:

g e, () g, (2t
(I)(X’X/):ﬂ'eoa Z
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Discuss the relation of the last expansion (with its extra summation) to the other two.
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Solution: To get the first potential I will expand the radial modes as Bessel functions,
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where I chose ,,, to be dimensionless and so the boundary condition at p, p’ = a is zero (z,, is the root of J). With
this choice, I will let the z-dependence be exponential:
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Where I took the same wave-number as (3.23-2) and chose the sinh’s to enforce the vanishing boundary conditions at
z = 0, L. Lastly, we have periodic boundary conditions in ¢ (like always), so I take the mode function exp(im(¢ — ¢'))
(with same m index as the other oscillating function). Taking the product of these three functions and summing over all
indices,
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Using the fact that
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I will take the Laplacian of (3.23—4) to get
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In order for (3.23-6) to match (3.23-5), I require that A = B so the ¢’ term cancels, leaving the condition
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where I used the addition formula for hyperbolic functions. Using the orthogonality conditions
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This can be substituted into (3.23-4) to give the solution
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which is the first representation of the potential.
To get the second representation of the potential, I will note the completeness relations
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which allow me to make an expansion of the Green’s function equation,
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which through a comparison to (3.23-13) implies that gn.(p; p’) satisfies

1d ( dgnm> (m>2+(n7r)2

“—(p N I o7

pdp dp p L
which means ¢, is a solution to the inhomogenous modified Bessel equation. I will first solve the homogenous equation

then determine coefficients to match the discontinuity (3.23-15). gy, must be a linear combination of I,,, and K,,, behave
at p = 0 and vanish at p = a, and be symmetric in p, p’. This justifies the form
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for some constants A, B fixed to match boundary conditions and the inhomogenous solution. Note that for z < 1 then

I (2)K,,(x) ~ const. and the ansatz behaves at the origin, which is the reasoning for why I omitted the K,,K,, term.
My reasoning for taking pairs is to make it symmetric. In the case p = a, this ansatz must vanish,
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I will now integrate infinitesimally around p’ in (3.23-15),
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In the first derivative term, the evaluation forces p. = p’ and p~. = p, while the second derivative term forces p. = p and
p> = p'. Substituting (3.23-18) into (3.23-19) using these choices, I find that the I,,1,, terms mutually cancel, leaving
just
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where W1- - -] is the Wronksian. Note that the overall factor of nm/L came from the chain rule. Equation (Jackson 3.147)
gives a helpful formula for this Wronksian,
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so I can simplify (3.23-20) as
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At last, I can substitute this form into (3.23-14) to get the potential,

B(x,x) = 4:€0G(x, WEOL Zoonzlemw sin (22) sn (m;) I;:n(;%j))
[0 () 00 (FF7) — 60 () 10 (7))

which is indeed the second representation of the potential (3.23-1).
For the third representation of the potential, I will perform an eigenfunction expansion. Solving Poisson’s eigenvalue
equation in cylindrical coordinates with ) = T'(p)Q(¢4)Z(z), I will choose to let Q, Z oscillate,

1

Q _ eim¢ [ a _ 77’TL2,
- P e\ 2 (3.23-24)
so that the corresponding eigenvalue equation can be written as
F/ !/ 1 " Z//
(pl) 1" 2%
pI PR Z
(3.23-25)

1
F//+7F/+
p

() -(%)
Ao () (22
p L
Note that the ¢ function has periodic boundary conditions (as it should), and the z function vanishes at the top and
bottom of the cylinder. Note that (3.23-25) is just the Bessel equation, with solution I'(p) = Jy, (gp) = Jim (£22p), under

the choice
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The eigenfunction ¥gm,, can now be expressed as

rmn(p; &, 2) = Ae'™? sin (f) Im (m p) ) (3.23-27)
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where A is a normalization constant. Normalizing,
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which fully determines the eigenfunctions for the problem:
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Note that Jy1(@my) isn’t zero. With the eigenfunctions known, I can now use (Jackson 3.160) to find the expansion of
the potential,
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where I replaced the single sum with three (since I have three indices). Substituting (3.23-29) into (3.23-30) along with
its eigenvalues (3.23-26), I find
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as the expansion of the potential, which is the same as the third representation (3.23-1).
Discussion: It is easy to relate the last expression to the first through the use of (Jackson 3.169):
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which is indeed the first expression. This must be so, as the potential is unique. Note that the second and third expressions
already have fairly similar forms, which if I equate the two I find the condition
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It is not immediately apparent to me that this equation is true, but it must be, due to the uniqueness of the potential.
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Chapter 4
Jackson (4.1)

Calculate the multipole moments ¢, of the charge distributions shown as parts a and b. Try to obtain the results for the
nonvanishing moments valid for all [, but in each case find the first two sets of nonvanishing moments at the very least.
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Solution (a): The formula for the multipole moments is
o] ™ 27
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It is simple to write the charge density as a sum of the four point particles,
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where the denominator of each was simplified by using the radial and polar delta functions. Substituting this into (4.1-1)
and acting with the radial and polar delta functions,

(4.1-3)
—ad v (Z o v (Z « (T T « (T _T
= qa' [Y,(5,0) = Vi (5. 7) + Yin (5, 5) = Yim(5.—5))|
Using the fact that
x (pl NN 2l+1(l_m)! —im¢’ pm /
lem(e 7¢)_ An (Z—FTTL)'e ‘Pl (COS¢)7 (41_4)
I can simplify (4.1-3) to
20411 —m)! — — ;
_ l m imm imn/2 _ imm/2
dim qa An (l+m)]‘Pl (O) |:1 € +
(4.1-5)
20+1 (1 —m)! .
_ l P™(0)[1 = (=1)™ m(q —_1)m
00\ o e O L= ()7 = (L (1)),
which can be pulled together as
2041 (1 —m)! )
l m m m
m= P"0)(1 - (-1 1-— 4.1-6
i = 00y | S e B 01 (<)) (1= ™) (1.16)




for distribution (a).

Solution (b): All that changes relative to (a) is the charge density, which now has the form
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where due to azimuthal symmetry I divided each term by 27. Note that each term has an apparent divergence, but in
reality when substituted into (4.1-1) the divergences cancel out. Let’s do just that,
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Note that the integral [7"'5(r’) = 8,000 (since m is bounded by ). Using this relation and simplifying the first term:
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Where I used the fact that Ypo = 1/v/4w is constant and the angular integrals in the second integral could be performed,
as well as relation (4.1-4) for the first term. Parity for the associated Legendre polynomials tells me that P/ (—1) =
(—=1)*mPm(1), so I can simplify things,
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These are the multipole moments for distribution (b) valid for all /,m. Note that I took P?(1) = 1.

(¢): For the charge distribution of the second set b write down the multipole expansion for the potential. Keeping only
the lowest-order term in the expansion, plot the potential in the z — y plane as a function of distance from the origin for
distances greater than a. (Divide out the asymptotic forms to see the large distance behavior clearly)

Solution: The multipole expansion in terms of the multipole moments has the form
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(1+ (=1 P(cosb),
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where I used the fact that P?(z) = P,(x). This form can be simplified, as since Py(cos) = 1, the first term in the sum
cancels the bare term. This motivates a change of index I = 2[ (since | = 1 clearly vanishes),

b= 24 N~ 9 4.1-13
(X)_4W60;m 51(cos 6) (4.1-13)

This is the most compact form for the multipole expansion of the potential, which also avoids vanishing moments. For
large distance behavior, only the [ = 1 term is relevant:

2

q a
O (x) ~ pro— (3cos? 0 —1)

0=m/2 q 2
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where in the last step I evaluated it in the xy-plane (6 = 7/2). I am not going to plot this yet, but I will plot it
alongside (d) for comparison (see Fig.1 below).

(d): Calculate directly from Coulomb’s law the exact potential for b in the z — y plane. Plot it as a function of distance
and compare with the result found in part c¢. (Divide out the asymptotic forms to see the large distance behavior clearly)

Solution: This is simple,

q 1 1 2 q 2 2
d(x) = + - == _Z
drey |||x —aZ||  ||Ix+aZ|| ||x]| Ameg |2+ a2 T
2q 1 1
= - -1 4.1-15
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which agrees nicely under the r > a limit. I will now plot both (4.1-14) and the full expansion (4.1-15) together,

-1

2

-3

Figure 3: Exact potential ®(r) (blue) and first order approximation (red) plotted for a = 1 in units such that ¢/4meg = 1. At a
distance of r > 2a the curves are quite similar, but for 7 ~ a the approximation fails.
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Jackson (4.6)

A nucleus with quadrupole moment @ finds itself in a cylindrically symmetric electric field with a gradient (0F./0z)¢
along the z axis at the position of the nucleus.

(a) Show that the energy of quadrupole interaction is

e OF,
W=—- 4.6-1
4Q ( 0z >0 ( )
Solution: Jackson (4.24) tells me that the general formula for the quadrupole interaction energy is
1 OF;
W= ;Qu ( T >0 : (4.6-2)
On page 151, Jackson states that for a nucleus the non-zero quadrupole moments are Q33 = e@, Q11 = Q22 = —%Q33,
where e is the protonic charge.! This means the sum (4.6-2) collapses to three terms,
e 1 (O0F 1 (OF OF
W=——Q|—2 =) - z 4.6-
6Q<2<8x>0 2<6y>0+(8z)0> (4.6-3)
Since E is an external field, V - E = 0, which gives the relation
OF 0E, OF OF, OF OF
v 2 ) — . s o=—(57) 4.6-4
6: "oy T o (%), (5), = (%), (164)

where I chose to evaluate it at the origin so that I may substitute it into (4.6-3) to give

e 1 1 OF, e OF,
W__6Q<2+2+1)<8Z)O:> W= 4Q(az

)0 (4.6-5)

as desired.

(b) If it is known that @ = 2 x 1072 m? and that W/h is 10 MHz, where h is Planck’s constant, calculate (OE,/0z)y in
units of e/47reoag7 where a¢g = 47Teoh2/m62 = 0.529 x 107'° m is the Bohr radius in hydrogen.

Solution: First, I will rewrite (4.6-5):

()5 ()

Using h = 2nh and dividing by e/4megad,

oF, o 1 _ g E 1 dmeghal
0z ), eldmeoal "\ h Q €2

(4.6-7)
w 1 al
=8n(137) [ — | (=) (2
0 () () (%)
where I recognized the fine structure constant a = e?/4weghc ~ 1/137. Plugging in the given numbers (with ¢ =
3 x 10® m/s) I find
OF, 1
x 5 ~ —0.085 (4.6-8)
0z ), eldmepag

is (OF,/0z)o in units of e/4megay, and is a dimensionless quantity.

IThis is also the hint Woodard gave.
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(¢) Nuclear charge distributions can be approximated by a constant charge density throughout a spheroidal volume
of semimajor axis a and semiminor axis b. Calculate the quadrupole moment of such a nucleus, assuming that the
total charge is Ze. Given that Eu'®? (Z = 63) has a quadrupole moment Q = 2.5 x 1072 m? and a mean radius
R=(a+0b)/2=7x10"' m, determine the fractional difference in radius, (a — b)/R.

Solution: Relative to (4.6-5), note that Q = %Q337 so I simply need to compute @Q33. For this squashed sphere along
the z-axis, the integration can be performed in cylindrical coordinates with the bounds

2
—a<z<a, 0<p<byi-=, 0<6<2m, (4.6-9)
a

such that, after assuming py to be the density, Jackson (4.9) becomes

“ b? b 222 4 (4.6-10)
— 2,2 4

where I noted 7373 = 22 and 12 = s® + 22. As is standard, I seek to rewrite Q33 in terms of the total charge Ze, which
can be found by direct integration,

21 a by/1—22/a? a 22
Ze = po/ do dz/ ds s = 27rp0b2/ dz <1 — 2)
0 —a 0 0 a (4.6-11)

= ?poab?

This can be substituted into (4.6-10), from which @ = Q33/e follows:

Q=255 V) = |@= (@ - (4.6-12)

this is the quadrupole moment of the given nucleus assuming a total charge Ze. Using Z = 63, I will expand (4.6-12) and
factor in such a way to make the fractional difference in radius apparent. Since the term in parentheses is a difference of
two squares,

27 47
Q="2ox0 -0 "IN 2y,
5 2 5
(4.6-13)
L fa=b) _ 5Q
R 4AZR?
Using the given numbers, I find
(a—0b)
~ 0.101 4.6-14
7 0.10 (4.6-14)

as the fractional difference in radius for Eu'®.
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Jackson (4.8)

A very long, right circular, cylindrical shell of dielectric constant €¢/eg and inner and outer radii @ and b, respectively, is
placed in a previously uniform electric field Eq with its axis perpendicular to the field. The medium inside and outside
the cylinder has a dielectric constant of unity.

(a) Determine the potential and electric field in the three regions, neglecting end effects.

Solution: Assume that far away, E — EyZ. Note that the cylinder is long (no z dependence), in polar coordinates
then ® = ®(s, ¢). There is no free charge in the problem, so V2® = 0 and
1 1
{83 + gas + 823;} d(s,¢) = 0. (4.8-1)

So we have periodic boundary conditions in ¢, and the homogenous cylindrical solution to Laplace’s equation is s™ or

1/8™ so
3 sl 4 B ime
5|m\

m=—0oo

B(s, ) = (4.8-2)

is my guess. Note that the uniformity of the electric field at large distances implies the BC & — —FEyscos¢. Since only
cos ¢ is the source for the problem, the specialization of the radial potential to various regions is

amslmly 0 S S S a
D(s) = { Bms!™ + Jz, a<s<b (4.8-3)
— 05§+ 2, s>b
and the d,, 1 effectively sets |m| = 1 for the entire problem. It follows, then, that
Qs cos @, 0<s<a
D(s,¢) =4 (Bs+2L)cosp, a<s<b,
1 — FEgs)cosp, s>b
G ) (4.8-4)
—Q COos @, 0<s<a asin @, 0<s<a
= b, = _(ﬁ_slz)cosgi)7 a<s<b & Ey = ([3+sl2)sin¢, a<s<b
(% + Ep)cos¢, s> (% — Ep)sing, s>b
The BC’s at s = a, A® =0 and AD, = 0 imply
aa = Ba + 1, € =¢€ (6 — lz) , (4.8-5)
a a
which can be manipulated to yield
€E—€\ o 2e
= = 4.8-6
= (52) e, a=(2)8 (4.5
The BC’s at s = b are slightly more involved,
Y n Y n
(44 3) =0 5).
Bb+ =7 — Eob e(—B+3)=c (5 +E (4.8-7)
which can be manipulated to eliminate 7,
€+ €o €E—€\ Y (4.8-6) €+ €o € — €p € — €p a®
—2E = - 5 - — 4.8-8
0 ( €€ >ﬂ < ey ) b? K €€o > ( e€o > <e+eo> bg] p ( )

where I used (4.8-6) determined 8 implicitly. This relation can be rewritten in a simpler form, and all the constants follow

using the above BC’s:
2¢p(e + €0) Eq

2

(e+€)?+ (e — €)=
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2¢0(e — €g)a’Ey

(e+e€0)?+ (e— 60)2%,

(4.8-9)



o= — deeg By n= (62 — 6%) (b2 — a2) Lo (4.8-10)
(e+e€0)?+ (6—60)2‘5—;’ (e+ €)%+ (6—60)22—37 .

where I suppressed the algebra for obvious reasons. Via (4.8-4), I find

deco Bo ; (4.8-11)
z .8
(e+e0)?+ (e— 60)2%

E0§s§a(37 (b) =—ai =

Bucosi(s,0) = (8 + 5 ) # 4+ 23 sin

2¢p(e + €9) Eq 2¢p(e — €0) Ep a’\ .
= — _ 1‘ )
(e+e0)2+ (e—€0)2%  (e+ep)?+ (c— €)% 82 (4.8-12)
deg(e — €0) E a?

Qﬁgsmmﬁ

- (e+e€0)?+ (e —€0)? 2

N . 2n . .
Es>u(s,¢) = Eod + %x + —727 sin ¢
s s
(2—e)(*—a*)Ey 1. 2(e2—€}) (1 —a*) Ep 1
(€ +€0)? + (e — 60)2% s? (e+€0)?+ (e — 6())22—; 52

as the electric fields in each region. Note that my choice in mixing cartesian and polar coordinates is to manifest the idea
that the electric field has deviations from the uniform direction & as curls through ¢.

A (4.8-13)
sin ¢,

= EoZ +

(b) Sketch the lines of force for a typical case of b ~ 2a.

Solution: The electric field inside the cylinder is still constant and uniform in the same direction as the previous field.
Inside the bulk of the cylinder and outside the cylinder the field curls, yet for large s is approximately uniform in z. This

looks something like the following:

>
.
[ E.
- '
—
-
pam— 7
- - - o - _--‘-——ooz'-,x
—:(. 4 —
e’

> /_T\

Figure 4: Electric field lines for a cylinder of dielectric constant €/e immersed in a previously uniform E = FyZ.

Y
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(c) Discuss the limiting forms of your solution appropriate for a solid dielectric cylinder in a uniform field, and a cylindrical
cavity in a uniform dielectric.

Solution: For a solid dielectric cylinder, then a = 0 and the fields become

— o) Eo b2 .
2¢0Eo , Eui(s, ¢) = Eod + (=) Bo [g; + 2sin ¢¢>} : (4.8-15)

E s y = )
0<s<b(8:9) €+ € (e+e€) s2

where the electric field (4.8-11) vanishes. The electric field inside is uniform but diminished relative to the original field
since € > €. For a cylindrical cavity in a uniform dielectric, b — oo and

4660E0 N

2€0E0 “ 260(6 — Eo)EO a2
— 7, i
(e+€)?

R ooy iy Pt [+ 25106 . (4.8-16)

E()Ssga(sa ¢) =

This must align with (4.8-15) under € <> ¢y and a < b. To see this, note that for the cavity the physical field measured
at infinity is E} = 2e9Ey /(€ + €p). Under this substitution, (4.8-16) becomes
(€ — €0) E} a?

Eosa(s, ¢) = By — ~—— 02 [1: + 2sm¢¢3} , (4.817)

2eE] .
—
(e+e) s?

EOSSS&(57¢) = €+ o )

which is precisely (4.8-15) under € <+ ¢y and a <> b.
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Jackson (4.9)

A point charge ¢ is located in free space a distance d from the center of a dielectric sphere of radius a (a < d) and dielectric
constant €/¢.

(a) Find the potential at all points in space as an expansion in spherical harmonics.

Solution: I don’t understand the need to expand in spherical harmonics when I can simply define my axes so that the
point charge ¢ is on the axis, such that azimuthal symmetry is apparent and I can expand in Legendre polynomials. The
charge density induced in the dielectric by the point charge outside is only on the surface, and the volume bound charge
is zero, so it suffices to use the homogeneous solution of the potential inside (and outside with an additional term). So
inside, I find

oo
O, (1) = ﬁ ; oyt Py(cos ), (4.9-1)

where I neglected the 1/r!*1 contribution, and redefined my «a; by pulling a factor of q/4me outside. Outside of the sphere
I will have the 1/7!*! contribution plus the additional potential of a point charge,

B(r) = 4 U Py(cos ) (4.9-2)
Ameollr — '] Ameg & ! ’
which can be combined the homogeneous solution outside:
4 ~( B rk
Powe = o <7“l+1 + l+1> P(cos 0). (4.9-3)
1=0

(4.9-1) and (4.9-3) are the solutions for the potential inside and outside. With this surface bound charge we have the
boundary conditions

(I)in(a) = q)out (a)7 681“(I>in(r)

= €00, Pout (I‘) . (49_4)

Note that outside, r > a, and for the purposes of (4.9-4) r < d. Plugging things in, I find
1 1 ! [+1 la'~1
—alal = — (Bl + CL) s lalal_l = —( + )Bl + a (49—5)
€

€ \altl " qitl al+2 d+1

which can be algebraically solved to yield

€ 20+ 1 e

- = : 4.9-6
Qg dHl el + eo(l + 1)’ B di+l el + co(l+1) ( )
At this point I can plug in (4.9-6) into (4.9-1) and (4.9-3) to get the potential for all of space:

e l

q r
in - T Z fU l + 1 dl+1 P (COS 9) (49_7)

o0 —1) @ rh

Bout = 47T60 Z < 60 (I+1) di+1pi+t + PG Py(cos ) (4.9-8)

(b) Calculate the rectangular components of the electric field near the center of the sphere.

Solution: First, expand ®;, to second-order in r (so the electric field is linear in 7):

2
Dipn(r ~0) = . [61 + Sz + b (3C0829 ;)] ) (4.9-9)

e | eg d 1—|—2%d2 2—|—3%d3
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which gives rise to

Ein(r ~ O) == *v(bin(r ~ O) = 7iv [61 + 3 i + 5 i <32’2 — 17’2>‘| )

4me € d 1—|—2%d2 2—|—3%d3 2 2
(4.9-10)
. q 3 Z 5 1
T e 1+2%ﬁ+ 24 3 g3 Bzz_w)] ’
or in rectangular components is
B q 3 5 1, . N
Ei,(r~0) = TIned | T4 2%2 sy 5 8(1’17 +yy — 222)] (4.9-11)
(¢) Verify that, in the limit €/eg — oo, your result is the same as that for the conducting sphere.
Solution: For the potential ®;,, only the [ = 0 term survives under this limit,
Bi(r) = —1 (4.9-12)
4dmepd

which is indeed the potential inside of a conducting sphere, which must be constant. Outside, I find (4.9-8) becomes

oo 00
a2l+1

q
0) —— B 0 -
EO (cos ~ Ineg 2 (a1 ) (cos 6), (4.9-13)

Pout (r 47T€
0

where I carefully noted that { = 0 drops one of the terms in (4.9-8), and needed to shift the index after performing the
limit (as the explicit [ dependence vanishes after the limit). Lowering the index back to { = 0 on the second sum and
accounting for it,

B q o0 o0
Poue(r) = Ireo (dr) 471'6 2% Py(cosb) 47reo ; dr/a l+1 (cosb), (4.9-14)

I can now use the formula for the expansion of ||r —r’||~! in Legendre polynomials to simplify the two series. Importantly,
I have cosf and not cos+y, which is an artifact that ' = 0 (charge on the z-axis). So, when I write the ||r —r’/||~!, I need

to let ' = r’'2, giving

q (a) q 1 q 1

(I)ou =\ T ’
+(x) 4mweg \dr dmeg [[r — dZ||  4meo ||4r — aZ|

(4.9-15)

where I noted that a < dr/a outside the sphere. I could stop here, but to align with (2.8) of Jackson, define the quantity
y = dz, such that

qa/y 1 q 1 qa/y 1

Do (r) = T B
oue(T) = e Tl T Tmeo e = ] dmeo ||r — Ly]|

(4.9-16)

which is precisely (2.8) of Jackson, the potential outside of a conducting sphere for @@ = 0 (no charge on surface). Note
the appearance of the image charge ¢’ = —qa/y at distance a?/y!

38



Jackson (4.13)

Two long, coaxial, cylindrical conducting surfaces of radii @ and b are lowered vertically into a liquid dielectric. If the
liquid rises an average height h between the electrodes when a potential difference V is established between them, show
that the susceptibility of the liquid is
(b° — a®)pghln(b/a)

€0V2
where p is the density of the liquid, g is the acceleration due to gravity, and the susceptibility of air is neglected.

(4.13-1)

Xe =

Solution: It’s evident that I will need the potential between the cylinders. The potential cannot depend on z because
the cylinders are ”long” and the potential shouldn’t have any angular dependence by Gauss’ Law (azimuthal symmetry).
Laplace’s equation is still satisfied inside the dielectric, which in cylindrical coordinates gives rise to the relation

1 1 ,
- — 4.13-2
0 835(53(@@) +)2,8§€+M = $0,P = q, ( )

where a € R. Integrating this relation yields
®(s) = aln(s) + B, (4.13-3)

for another arbitrary constant 3. Put a potential of V on the inner surface and the potential of 0 on the outer surface,?
which gives rise to boundary conditions ®(a) =V and ®(b) = 0 such that

O(b) =0 = P(s) = aln(s/b).

L Bla) =V = B(s) = VEEZZ; (4.13-4)

so the potential in between the surfaces is determined. The corresponding electric field and polarization is simply

V s €oxeV 8
() In(a/b) s () In(a/b) s ( )
from which follows the electrostatic energy density
1 6OXG‘/2
ugp=—-P E=——7F"——. 4.13-6
P 2 21n*(a/b)s? ( )

The gravitational potential energy of the fluid is ug = pgV z at some height z. What is really occurring is that the liquid
rises obliquely, steeper in regions of larger potential, so the height z(s) is not constant. However, it is still determined by
the energy minimization condition ug + ug = 0, which says that the energy induced to the system by lowering it into a
dielectric is manifest in change in height of the liquid:

V2
up = —ug = z2(s) = %. (4.13-7)
2pg1n~(a/b)s?
We are told that the average height is h, which can be readily computed from (4.13-7):
p_ adssas) 2 ( coxeV? ) /*’ Wl
f: dz s b —a® \ 2pgIn*(a/b) ) Ja s (4.13-8)
_ 6OXG‘/Q
“\ = a)pgmta) )
which can be rewritten to give the electric susceptibility
(b° — a®)pghln(b/a)
.= 4.13-9
X T ( )

as desired.

21t doesn’t matter which surface I denote at a higher potential or to which specific values I give them. What matters is the potential
difference V.
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Chapter 5

Jackson (5.1)

Starting with the differential expression
I )
dB =gy T

R

(5.1-1)

for the magnetic induction at the point P with coordinate x produced by an increment of current Idl’ at x’, show explicitly
that for a closed loop carrying a current I the magnetic induction at P is

B - "lgq (5.1-2)
47

where () is the solid angle subtended by the loop at the point P. This corresponds to a magnetic scalar potential,
Dy = —pol2/4m. The sign convention for the solid angle is that € > 0 if the point P views the ”inner” side of the surface
spanning the loop, that is, if a unit normal 7 to the surface is defined by the direction of current flow via the right hand
rule, 2 > 0 if n points away from the point P, and negative otherwise. This is the same convention as in Section 1.6 for
the electric dipole layer.

Solution: The solid angle has the form

Q(r)—/sda’-v<|r_1r/”>7 (5.1-3)

where ) is the solid angle viewed from the point r, and r’ is the vector to the loop which subtends the solid angle.
Integrating (5.1-1) and performing some basic operations,

B(r) = tol dr’ x V' (1) _ ol dr’ x V <1>
oS oS

4 [lr — /|| 4 [lr — ||
I
_il [ g (A (Yxdr)) (5.1-4)
4m |l — /|| |l — /||
_ Mol g 7dr/, .
ar as [lr —1'l|

Note the following formula from the front of Jackson,*

/85 dr'yp = /Sda’ x V' = —/Sda’ x V1), (5.1-5)

giving a quantity which can be simplified via BAC-CAB:

B<r):‘ljf;/9{da/v2<| i) V<da/'v(lllr’l>)]

7 (5.1-6)
=B g — ) + O v/d '
47 S |I' - I'/||
The last integral is the solid angle, and if T assume r ¢ S, then the first integral vanishes, leaving
1
B-= “0 Lova (5.1-7)

as desired.

3It’s a rewrite of Stokes’ Theorem.
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Jackson (5.2)

A long, right cylindrical, ideal solenoid of arbitrary cross section is created by stacking a large number of identical current-
carrying loops one above the other, with N coils per unit length and each loop carrying a current I.

(a): In the approximation that the solenoidal coil is an ideal current sheet and infinitely long, use Problem 5.1 to establish
that at any point inside the coil the magnetic field is axial and equal to

H=NI,
and that H = 0 for any point outside the coil.
Solution: The auxiliary field of a single loop of wire has the form
H,(x) = iVQ (5.2-1)
dr

such that the total auxiliary field of a set of loops with winding number per unit length N has the form
—o00 T J-—c

Note that the solid angle itself is odd around the point z = z’. We have a gradient inside, and the radial and azimuthal
terms do not alter the oddness of the z-dependence, and hence they vanish after integrating over all of z. This motivates

the replacement V = é%
NI [ o0
H = ey 2-
() =2 /_ = (5.2-3)
Since %Q(z’ —2)= —az,Q(z’ —2),
NI [~ o0
H(x)=——— dz' =—3%
(%) v /700 M
NI ze 94 > Q
NZ o 97 ete 0% (5.2-4)
=—— <Q -0 +Q -0 )
471' z'=00 z'=z+€ 2'=z—e€ z/'=—00
NI
_ M (Q 0 )
4 z'=z+e€ z'=z—¢

where I broke the integration point around the point of issue z = 2’ then used FTC1. With the way the sign of the solid
angle is defined, since I am above and below the surface these terms add. The solid angle inside a loop would have the
form of 27, and outside is zero, so (5.2-4) becomes

NIz, insid
H(x) = e (5.2-5)
0, outside
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(b): For a realistic solenoid of circular cross section of radius a (Na > 1), but still infinite in length, show that the
”smoothed” magnetic field just outside the solenoid (averaged axially over several turns) is not zero, but is the same in
magnitude and direction as that of a single wire on the axis carrying a current I, even if Na — oco. Compare fields inside
and out.

Solution: The parameterization of the solenoid is

1(A) = Rcos(A — ¢)5 + Rsin(\ — ¢)¢ 5 N (5.2-6)
for some parameter A € {—o0,00}. I will perform a change of variables on the Biot-Savart Law:
I [dx(e-1) I [~ Lx(r-1
He = b T i L (527
where since
dl . A 7
e —Rsin(A — ¢)§+ Rcos(A — ¢)d + o N
\ (5.2-8)
r—l—(S—Rcos()\—d)))s—Rsm()\—d))gb—i-< 7TN>Z
the cross product becomes
ﬂ><(r—1)—R2 in*(\ — ¢)2 + Rsin(\ — ¢) A )
d\ e s TN
. AN
— Rcos(A — ¢)(s — Rcos(A — ¢))2 + Rcos(A — ¢) (z - 27rN)
1
to N (s — Rcos(A — ¢)) ¢+ ﬁRsm(A K (5.2-9)
RO
=d5 [sin(A — @) + 20Nz cos(A — @) — Acos(A — ¢)]
1 R
+6 [Rz sin(A — ¢) — 5 )\bln(/\ ) + NS T TN cos(\ — d))]
+ ZR[R — scos(A — ¢)],
which I will break into components:
I R [™ m sin(¢
<H>S(X):E4W2N/ dA/ d¢[ - 5732
oo Jo (32 + R? — 2Rscos(¢) + (2 — 32%) ) .
27Nz cos(¢) Acos(¢) (5.2
- N o~
( + R2 — 2Rscos(¢) + (2 — 325) ) (32 + R2 —2Rscos(¢) + (2 — 52%) )
2T .
Rzsin
(H), (x) = 87r2/ d)\/ a| () =
82 + R? — 2Rscos(¢) + (2 — 52%) )
)\sm((b)
27TN ( 2 A 2 3/2
5%+ R? — 2Rscos(¢) + (z — 325 )
. | (5.2-11)
+ 27N 2\3/2
(52 + R? — 2Rscos(¢) + (2 — 32%) )
R cos(¢) ]
o 3/2
2mN <s2 + R? — 2Rscos(¢) + (2 — ﬁf)
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R

), 00 = & _o;dx/:”w[(

scos(o)

5%+ R? — 2Rs cos() + (

2\ 3/2
2= 2)7)

(5.2-12)

A
2n N

<82 + R? — 2Rscos(¢) + (2

)2)3/2

}

I will now evaluate all the various types of integrals separately. It is simple to show that

27

0 A

(52 + R2 — 2Rscos(¢) + (

after the u-substitution of the denominator. In addition,

o] 2m

X do !

z 2w N

=0 (5.2-13)

)2)3/2

/

'S} 0 ka

(52 + R? — 2Rscos(¢) + (2 — 525

)2)3/2

1

00 27 1
= dA d
/—oo /0 ¢(82 + R? — 2Rs cos(¢))*/? (1 N

/2

/

d¢

— 2Rs cos(¢))
do

— 2Rs cos(¢))

do cos «

27
=27 N
] e

2m
=47 N
T /0 (s + R?

8m2N

SR

as well as

cos ¢

A
27 N

(=

)2

3/2
$2+R2—2Rs cos(¢) )

(5.2-14)

5% 4+ R? — 2Rs cos(¢) + ( 2

/_O:od/\/o%dqﬁ(

1 oo

2T o9rN

)2)3/2

52+ R? — 2Rscos ¢

2Rs |_

d)\/o%dgb(

o] 2m

s2 + R? 1

5%+ R? — 2Rs cos() + (

(5.2-15)

/

/2

[ de

2Rs 0

oo

<52 + R? — 2Rs cos(¢)

s>+ R? 82N

+(z -y

)2)3/2

27
da cosa/ do +
—7/2 0

s + R?
2Rs

2Rs
812N
-
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Note also that

[e’s} 2m
A cos
/ d\ do ¢ NTE
- 0 (.92 + R? — 2Rscos(¢) + (z — ﬁ) >
2m /2
cos ¢
= 27rN/0 d¢(s2 TR~ 2Rscos ) /_ﬂ/2 da 2N (z + \/32 + R2 — 2Rscos ¢ tan a) cos &
2m
= 8m2N?%z do cos ¢

o (s2 4+ R%2 — 2Rscos ¢)
_87r2N2,z /2”d¢52+R2—2Rscos¢)—(52+R2)
2Rs J, (s2 + R2 — 2Rscos ¢)

87T2N22’/27rd¢ - S2+R2
N 2Rs /o (s2+ R?2 — 2Rscos ¢)

B 787T2N22’ _ 2m(s? + R?)
N 2Rs |s2—R?| )~

Therefore, the s, ¢, z components of the magnetic field can be evaluated:

I R s2+ R?1673N?%z  8n°N2z 16m°N2z s>+ R?216m°N?z
<H>s (X) = - 2 +
4 42 N

2Rs |s2—R?|  Rs 2Rs 2Rs |s2 — R?|
(H),(x) =0
(H), (x) = I | s 8miN R 812N s*+ R? - 412N
¢V 82 | 27N \ |52 — R?| 27N \ |s2 — R?| 2Rs Rs
1 s? — R?
H = 2
(H) g (x) 4ms { + |s2 — R2]
IR [ 87°NR  4x*N s>+ R? 8n°N
H = — —
(). () = g2 [|32 “® TR 2R | R?J
IN s? — R?
om0 =5 1= 5

So the axially averaged radial component is zero for all of space. Now, for inside then s? — R? < 0 and

I R? — g2
= — |1 ———| =0 H)Y .
drs | R2Z—s2| (H) i (%)

()., 0 (%) _IN [1 B s

2 RQSQ}:NI

and for outside s2 — R? > 0,

<H>¢70u‘? (X) = rm _1 + 82 _ RZ_ 271'8, <H>Z,0ut (X) -

I 2 - R2] IN[ 32—R2}0
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Jackson (5.3)

A right-circular solenoid of a finite length L and radius @ has N turns per unit length and carries a current I. Show that
the magnetic induction on the cylinder axis in the limit NL — oo is

I
(cos by + cosbs), (5.3-1)

where the angles are defined in the figure

Figure 5: Jackson (5.3)

Solution: I will first find the magnetic field of a single loop in the xy-plane of radius r as a function of z, then
integrate it over the length of the solenoid. Here, r' = acos’'Z + asin @'y, so since r = s§ + 22 (no angular), then
r—1r’ = (scos¢ —acosd )i+ (ssing — asin¢’)j — 22 and

l[r —r'|| = /5% — 2sacos(¢ — @) + a? + 22 (5.3-2)
Note additionally that, only taking the z-component,

[dr' x (r —1')], = [(—asin¢’'@ + acos ¢')) x ((scos ¢ — acos ')z + (ssing — asing’)j — 22)],
= [~asin¢’(ssin ¢ — asing’) — acos ¢’ (scosp — acos¢’)] 2 (5.3-3)
= [a® — ascos(¢ — ¢')] 2,

so Biot-Savart’s law (on cylinder axis s = 0) reads as

27 2 Y 2m 2
B = ol [Ty a” — ascos(¢ — ¢') 5 = pol a—"
dm s=0 Jg (s?2 —2ascos(p — @) + a? + 22) am Jo (a? + 22) E34
ol @ o

2 (a2+22)3/2’

for the z-component magnetic field field of a loop of radius a in the xy-plane evaluated on the axis. The field of the
solenoid is obtained by integrating loops at 2’ each evaluated at z,

L L 2
NI
B, :N/ dz'BY = L/ d/ L
0 2 Jo (a? 4 (z—2")?)

NI tan~*((L—2z)/a)
_ Ko / do cos o
2 tan—1(—z/a) (53_5)
NI L —
_ Ko <sintan1 <Z> —sintan™?! <2)>
2 a a

woNT L—=z z woNT
= + = |B, = cosfy + cos 6
2 <\/(Lz)2+a2 \/L2+a2> 2 (cos by 2)

which agrees with the problem statement.
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Jackson (5.4)

A magnetic induction B in a current-free region in a uniform medium is cylindrically symmetric with components B, (p, 2)
and B, (p, z) and with a known B, (0, z) on the axis of symmetry. The magnitude of the axial field varies slowly in z.

(a) Show that near the axis the axial and radial components of magnetic induction are approximately

B.(p,z) = B:(0,z) — (’f) {82%2(20’2)} +

By(p,z) = — (2) {838(2 )] - (ﬁl);) [833553072)] '

Solution: No ¢ dependence on the magnetic induction as a result of azimuthal symmetry. Since there is no current,

(5.4-1)

VxB=0 = 0.B, =0,B.. (5.4-2)

The idea is to expand both B, in a Taylor series centered around s = 0,*

s" 0" B, (0, z
B.(s,2) =Y _ H%’ (5.4-3)

n>0
then note that since V2B = V(V - B) — V x (V x B) = 0 in the absence of current, then
1
0= V?B,(s,2) = ~0,(s0:B.) + 0°B., (5.4-4)
s

where since from (5.4-3) I find

1 n?s"29"B,(0,z) 10 n?s"=2 9" B, (0, 2)
785 asBz - = 77B2 0; :
5 (s ) 7; n! os™ s s (0,2) + 7%:2 n! os™
- 5.4-5
12 .(0,2) + Z an+QB (0,2) ( )
s 0s n>0 dsnt2 7
then (5.4-4) reads as
1 0% 0"B.(0,2) (n+2)90""2B.(0,2)
0=- - (0, . 5.4-6
)+ Z n! {62 Os™ * (n+1) 0snt2 ] ( )
This relation must hold Vs, and since neither terms in the sum have the same s for any n, the two vanish separately,
0B.(0,z) 0 o"2B.(0,2) B _(n +1) 6728"Bz(072) (5.47)
as dsmt2  (n+2)022  Jsm '

the second of which being a recursion relation. To learn from this recursion relation, I will continue it for n iterations:

risien [y s o 2] bog £ rne

(5.4-8)
" n+1DINO" 2B, (0,2
= (/2 E“ n 2§” 8z"+(2 ) (n even)
This is valid for even n, let n + 2 — 2n such that
0*" B, (0, 2) . (2n — D)9* B, (0, 2)
g Y e e 0 () (5.4-9)
where since 2 o (2n)! (2n)!
n— 1 n)! n)!
@)l (2n))2  227(n))?’ (5.4-10)

4The Bs series is redundant since Bs(0, 2) is zero (who says what direction in s it points?)
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then (5.4-3) says that

m 2n+1 211 2 2
Bas) =3 s"O"B,(0,2) 3 s>t 92 B (677F] s2n 92" B, (0, 2)

Sapia (LR 5>
| n 2n+1 | 2n
= 0Os W 0s = (2n)!  Os

(5.4-11)

B 52" (=1)"(2n)! 0*"B. (0, 2)

B g} (2n)! 227 (n!)? 9z2n 7
B B (—=1)"s?" 9" B, (0, 2) 5 419
2(8,2) = Z 22n(n!)2 Hz2n (5. )

n>0

meaning the z-component of the magnetic field for all of space is determined uniquely by the z component of the magnetic
field on the symmetry axis. It is simple to show that this quantity, when expanded to n = 1, gives precisely (5.4-1). In
determining the series expansion for By (s, z), I only need to use the curl condition (5.4-2):

0B,(s,z)  0B.(s,z) Z (—=1)"ns?"~1 92" B, (0, 2)

0z Os =~ 22n—1(p!)2 9221
_ 0 (_1)n82n—1 aQn—le(O) Z)
e 7;1 22n-Ipl(n — 1)l 02201 (5.4-13)
(~1)ms2t 1B (0, 2)
. Bs(s, = ,
. (S Z) T; 22n71n!(n _ 1)[ Hx2n—1

which can be simplified using an index shift,

Z (_1)n+182n+1 82”‘*132(0,2)

Bg(s, z) = 22nFlpl(n +1)1  9z2n+1

(5.4-14)

n>0

meaning the s-component of the magnetic field for all space is determined uniquely by the z-component of the magnetic
field on the symmetry axis. Since the magnetic field has no angular dependence, (5.4-12) and (5.4-14) both imply that
the knowledge of the z-magnetic field on the symmetry axis determines the magnetic field for all of space! It is simple to
show that when expanded to n =1, (5.4-14) gives (5.4-1).
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Jackson (5.8)

A localized cylindrically symmetric current distribution is such that the current flows only in the azimuthal direction; the
current density is a function only of , 8 (or p and z): J = J(r,6)¢. The distribution is "hollow” in the sense that there is
a current-free region near the origin, as well as outside.

(a) Show that the magnetic field can be derived from the azimuthal component of the vector potential, with a multipole
expansion

— myrLPl(cosd interior
Ag(r,0) = "2 . Ll( ) ) ) (5.8-1)
=y uLr P} (cos®), outside
(b) Show that the internal and external multipole moments are
1 1
R I T - _ /3 L pl . 8-
my, L(L—|—1)/ rr Py (cos8)J(r,0), Hr LT+ 1) d’r r*Pr(cos0)J(r,0) (5.8-2)

Solution: I don’t know why Jackson calls the index L and not ! but whatever. Also, part (b) is a one-liner from part
(a) so this is in general a very weirdly worded problem. Nonetheless, the vector potential has the form

Ar) =10 / o 0009 (5.8-3)

4 [lr — /||
for the given current distribution. Note that ¢' depends on ¢,
¢ = —sing'@ + cos ¢'§ = sin(¢p — ¢')§ + cos(d — ¢')p, (5.8-4)

and must be integrated over. Expanding the distance factor in Legendre polynomials,

m im(p—o’
Hr_r/H Zrl>+1 Z l " (cos ) P (cos ') ™), (5.8-5)
=0 mffl

gives

l

27 1
_ Ho —m) l 1 im(p—o’) It / 102 5 / Y] ~
= I E mg l n p (cos 0)/0 dg'e 1o /_1 d(cos® )/O dr'r rl>+1 P (cos0)J(r',0). (5.8-6)

The azimuthal integration follows,

27 2w
/0 aeme = /0 dg [coslm(o — )] + isin [m(6 — )] [sin(9 — &) + cos(6 — ¢/)d]
27 )
= Ojml.1 /0 dg’ |:C0$2(¢ — @) + sign(m)i sin?(¢p — qﬁ’)g} (5.8-7)
= T0|m|,1 [(5 + Sign(m)z@} ,

so after recalling that P, = (—=1)"(l —m)!/(l +m)! x P/, (5.8-6) becomes

o ZOO (1+1)! (=DM _
El COSG) [¢+ ] m ((—1)(1_’_1)') F)l (COSH)?T[(ZS—ZS]‘|
! > rl< 1 / 1l

X [ld(cosﬂl)/() dr'r'® x @Pl (cos0)J(r',0) (5.8-8)

ﬂo¢ ' 2
= Zl Pl cos@)/ d(cos@')/o dr'r’ z+1Pl (cos @) J(r',0").

-1
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Denoting 27 = 02 "d¢’, 1 can re-combine the remaining integrals as a single volume integral, bringing constants inside to

give

e l ! Y

Ho 1 3.0 T< Pl(COSG)J( ', 0")

= — P, s@) | d°r .
47”2:% ) (cos )/ T 0+ 1)

Inside, ro =7 and r~ =1’ so

[0 o Pl(cos0)J(r', ¢
Agin(r) = ﬁZrlPll(cos&)/d?’ Y 5(1421() )
1=0

=- Z— Zmlr P} (cos ),
1=0

which agrees with the problem statement through the definition of the interior multipole moment

mp = — ! )/dsr’r’*lflPll(cos9’)J(r’,0')

I0+1

as desired. Outside, r = 7' and r~ = r so

P} (cos@)J(r', 0
Agous(r MO Zr_l 'P!(cos ) /d3 Iyt 14213 )

=- Z—Zulr =1pl(cosh),
1=0

which agrees with the problem statement through the definition of the exterior multipole moment

1
I(1+1)

n = —

/ d3r'r" P} (cos 0')J (1, 0)

as desired.
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Jackson (5.11)

A circular loop of wire carrying a current [ is located with its center at the origin of coordinates and the normal to its
plane having spherical angles 0y, ¢o. There is an applied magnetic field, B, = Bo(1 + fy) and B, = By(1 + fz).

(a): Calculate the force acting on the loop without making any approximations. Compare your result with the approxi-
mate result (5.69). Comment.

Solution: The given parameterization 1(A) can be written in the x,y, z basis:

1(\) = Rcos My + Rsin Ao
= R (cos A cos g cos ¢g — sin Asin ¢p) & + R (cos A cos O sin g + sin A cos ¢p) 4 (5.11-1)

— Rcos Asinfyz

dl

o —R (sin A cos 0y cos ¢g + cos Asin ¢p) & — R (sin A cos 6 sin ¢pg — cos A cos ¢g) 4

(5.11-2)
+ Rsin Asin 6y2

The Lorentz force law in the case of a linear current density has the form dF = Idl x B = | % x B dX\. Since B =
By(1+ By)& + Bo(1 + Bx)y, this curl evaluates to

1
j—)\ x B = —BoR(1 4 Bz)sin Asin g2 + BoR(1 + By) sin Asin 6y
— BoR(1 + Bx) [sin A cos 6 cos ¢ + cos Asin ¢g] £ (5.11-3)

+ BoR(1 4 By) [sin A cos Oy sin ¢g — cos A cos ¢ £

Since z,y are the coefficients of the corresponding basis vectors in (5.11-1), this substitution becomes messy. Thankfully,
I know that I will eventually be integrating A € {0,27}, which means that only the sin® A and cos? \ terms remain (and
are 7). In making this substitution to (5.11-3) I will only keep those factors:

dl
o XB= R? By sin® Asin 0y sin ¢od + R?BoBsin® Asin 6 cos ¢o (5.11-4)

—2R%*Byf3 (C082 \ — sin® )\) cos g sin ¢g cos ¢o2

Integration over A implies the replacement sin? A\ — cos? A — m, which cancels the z-dependence in (5.11-4) multiplying
this result by the current I, I find

] F = 71 R2 By sin O (sin ¢o + cos o) (5.11-5)

The approximate formula for the force is F = V(m - B), and the magnetic moment is obvious:

m = / Ida = nIR*h

(5.11-6)
= I R? sin 0 cos @ + mI R? sin y sin ¢ @) + w1 R? cos Oy 3.
where I used the representation of the unit radial vector in spherical coordinates. Therefore,
m - B = 1T R*Bysin 6 cos ¢g (1 + By) + I R? By sin 6 sin ¢ (1 + ) (5.11.7)

— V(m - B) = 7] R%Byfsin 0y (sin ¢z + cos ¢o7),

which is precisely the force (5.11-5). So in this case, V(m - B) is not an approximation. This gives a hint at the non-
existence of higher order terms.

(b): Calculate the torque in lowest order. Can you deduce anything about the higher order contributions? Do they vanish
for the circular loop? What about for other shapes?
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Solution: To lowest order the torque is that of a magnetic dipole, 7 = m x B, which using (5.11-6) this is easy to
evaluate,

T =m x B = 1T R?B [sin 6 cos ¢y + sin b sin g7 + cos Op2] x [& + 7], (5.11-8)

‘7‘ = 1IR*By [cos Oy (—2 + §) — sin y(sin g — cos ¢g) 2] ‘ (5.11-9)

Is this what I get when I use the general formula for the torque? Well,

27 dl 27 dl dl
T—I/O A1 x [d/\xB} —I/O d)\LD\(l.B)_BO.d/\)]

_ 1/27: d)\ﬂ(l B (5.11-10)
0 dA
where since
1-B = |R(cos Acos by cos ¢ — sin Asin ¢g) & + R (cos A cos O sin ¢g + sin A cos ¢) §
— Rcos Asin6o2| - [Bo(1 + By)Z + Bo(1 + Bx)9) (5.11-11)

= RBy(1 + By) (cos Acos by cos ¢g — sin Asin ¢g) + RBy(1 + Sz) (cos A cos b sin ¢g + sin A cos ¢g) ,

a further multiplication of % results in terms with 2 or 3 trig functions. Subsequent integration (5.11-10) kills all the
terms with 3 trig functions, meaning I can safely take S = 0 beforehand in (5.11-11) and then multiply by %:

1
j—)\(l -B) = —R*By [(cos A cos fy cos ¢ — sin Asin ¢g) + (cos A cos O sin ¢g + sin A cos ¢ )]

X | (sin A cos g cos ¢g + cos Asin ¢g) Z + (sin A cos Oy sin g — cos A cos ¢p) § (5.11-12)

— sin A sin 002} .

Keeping only the cos? and sin? terms results in

dl
ﬁ(l -B) = —R?By# { (0052 A — sin? )\) cos B sin ¢g cos ¢y + cos gy ((3052 Asin? ¢ + sin? \ cos? gbo) }

— R?Byj [ — cos by (0082 A cos? ¢y + sin? A sin? qbo) - ((3052 A — sin? )\) cos b sin ¢q cos ¢0} (5.11-13)
— R?Byzsin® Asin 6y [sin ¢Po — coS cbo} ,

which when substituted into the formula for the torque (5.11-10) amounts to the replacement of cos? — sin? — 7, giving
the torque

7 = —mIR% By cos 8pi + mIR? By cos foi) — mI R? By sin 6 {sin $o — cos ¢0} , (5.11-14)

T = 1IR%By [cos y(— + ) — sin fy(sin ¢g — cos ¢g) 2] ‘ (5.11-15)

which is precisely the same as the lowest order (dipole) contribution (5.11-9), meaning the dipole approximation is exact
and all higher order contributions must vanish. For other shapes of arbitrary symmetry, the higher order terms need not
vanish necessarily.
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Jackson (5.14)

A long, hollow, right circular cylinder of inner(outer) radius a(b), and of relative permeability pu,, is placed in a region
of initially uniform magnetic-flux density Bg at right angles to the field. Find the flux density at all points in space,
and sketch the logarithm of the ratio of the magnitudes B on the cylinder axis to By as a function of log,y(p), for
a?/b® = 0.5,0.1. Neglect end effects.

Solution: The absence of free current means the curl of the magnetic field vanishes, V x H = 0, which allows me to
define a scalar magnetic potential H = —V®. By non magnetic monopoles®, it has an equation of motion V?® = 0, just
like in electrostatics. Due to cylindrical symmetry, I can take the potential to have the form

oo

Z M, (s) (5.14-1)

m=—0o0

such that Laplace’s equation reads

Bm

slml

2 1 m2 |m|
In order to match the asymptotic behavior of B — By I need to add the potential —%s cos ¢, which to match the index

structure (5.14-2) implies the presence of a delta function d),, 1 (only cos@). Since this is the only source in the problem,
all other m’s vanish, and I can safely restrict myself to the |m| =1 case (dropping all m labels).

Qs cos ¢, (0<s<a)
O(s,¢) = (Bs+1)cosg,  (a<s<b) (5.14-3)
71— i‘f’) cosg, (s>0b)
—a cos ¢, (0<s<a) asin @, (0<s<a)
Hy(s,¢) ={ (=B+ &) cos¢, (a<s<b), Hy(s,¢) ={ (B+ &)sing, (a<s<b) (5.14-4)
(S%Jrf")cosqb, (s >b) S%ff—g)sinqb, (s >b)
When appealing to the 2 boundary conditions at each of the 2 surfaces,
Oy = Dyt ,Ufian,in = ,UfoutHs,outv (514'5)
I find 4 equations in 4 unknowns,
—a*a+a*f+~v=0
Byb?
PB4y —n=——
Ho
2 5.14-6
2o tCs B (5.14-6)
Ho Ho
1b? 7 Byb?
—B-Ly+n=—""
Ho Ho Ho

I then added equations (1) and (3) and then equations (2) and (4) to get two new equations that together determined ~.

5Possibly unjustified assumption.
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I found the coefficients as

B 4p1Bob?
T T (0 + 02— (o — p)?
B=_ 2Bob* (1o + 1)
b?*(po + p)? — a*(po — p)? (5.14.7)
y 2Boa”b* (o — 1)

(o + )% — @ (o — 1)°
_ Bob? (b —a?)(p® — i)
po % (po + p)? — a*(po — p)?

With these coefficients I have fully determined the radial and azimuthal components of the magnetic field H, and since
B; = p;H;, I have thus found the magnetic flux density. Substituting things in,

4MBOb2
b?(po + 1) — a®(po — 1)

H,<, = 5 |cos @3 —sin (b(;@} , (5.14-8)

4popBob®
b*(po + p)? — a*(po — p)?

so the interior region has a uniform magnetic field in the +2 direction.

Bsga =

& (5.14-9)

2Bob? (po + ) . 2Boa?b? (o — ) 1.

Ho<s<p = z &
= V(o + ) —a?(po — ) b3 (po + p)? — a?(po — p)? S? (5.14-10)

Boc Pl i) L, 45 |
0% (ko + p)? — a?(po — p)? 52
2 Byb? a® . 9 1 . .

B = — — 2 — ) —= 5.14-11
a<s<b b2(,U/0 ¥ M)Q — 0«2(/140 — M)Q Ho + p+ 52 (/LO :U) T+ 2a (,UJO .u) 52 Sin d)(vb ( )

So within the dielectric, the magnetic field has both an = dependence and a ¢ dependence, where the ¢ dependence induces
a curling of the field relative to the asymptotic & behavior. I know it’s funny to mix cartesian and cylindrical coordinates,
but I like the fact that it allows me to visual the magnetic field as a deviation from straight line behavior. We have one
more to go,

By,  Bob* (V" —a*)(p® — ) 1
—X

H,>, = —
= o o b2 (po + p1)? — a?(po — p)? s*

5.14-12
22U Ut | it ) R P | |
o b*(po + p)? — a?(po — p)? 52
0° —a®)(W? —pg) B 200° —a®)(W? —pg) O
B.sy =By |1 = —s 14-1
e K B0+ 1%~ a(ao — i 52 ) Bl + 1) — @ — i) 52 n oo (G1413)

Again, I find the same curling behavior relative to the asymptotic & behavior, which is manifest through the limit s — oo,
in which I find Bo, — Bo# (as I should). Equations (2.9), (5.14-11) and (5.14-13) represent the magnetic flux density in
all of space.

The ratio of the magnetic flux density on the axis to the initial value By is straightforward from (5.14-9):

B Appopb?
By b2 2 _ q2( o — 11)2
o (o M)4u a?(po — 1) (5.14-14)

(L4 )2 = 5 (1 — py)?

where I took the given relative permeability u, = pu/uo. Jackson wishes for me to make a log-log plot (base-10) of this
function for the choices a?/b? = 0.1,0.5, which I will show below:
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(a/b)*2=0.5

In(B/B_0)
0.01 (a/b)r2=0-1
1073
In(mu_r)
104 -
10 100 1000 10

Figure 6: Log-Log plot of the ratio B/By as a function of relative permeability. (a/b)?> = 0.5 (blue) and (a/b)? = 0.1 (blue). At
relative permeability of g, ~ 1000 the interior field has diminished by ~ 1/100 of its initial value. This negative linear behavior
(with slope =~ —1) in the log-log plot implies that B/Bo — u, " asymptotically

Jackson (5.19)

A magnetically "hard” material is in the shape of a right circular cylinder of length L and radius a. The cylinder has a
permanent magnetization M, uniform throughout its volume and parallel to its axis.

(a) Determine the magnetic field H and magnetic induction B at all points on the axis of the cylinder, both inside and
outside.

Solution: For hard magnets in the absence of current we have V2®,, = —p,, = —V - M, where p,, is the magnetic
charge density. This equation maps to
1 V- M(r")
b, =—— [ d&r'— L 5.19-1
ar | O e =] (5.19-1)

where H = —V®,,, determines the magnetic field. The magnetization can be represented as M = My20(a—s)0(2)O(L—2z),
such that
V- -M = MyO(a—s)[d(z) — (L — 2)] (5.19-2)

and (5.19-1) becomes

My (27 o [ i [~ g Ola—9)B() —6(L — )]
m = = d d d
@ 4 /0 ¢ /700 § /0 °? /82— 2ss' cos(p — @) + 82+ (2 — 2)2

MO 2 a 1 1
—7/ dqb’/ ds's’ _
4m Jo 0 V82 + 22 —2ss'cos(p— @) + 82 \/s2+ (2 — L)2 — 255" cos(¢p — @) + s

(5.19-3)
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Jackson requests that this be evaluated on the axis of the cylinder, so s = 0 and

M a !/ /
CIJm(O,z):f—O/ ds’ i - s
2 0 \/Z2+S/2 \/(Z—L)2+S/2
2, 2 —I)24a?
__M / I duul/z_/(z P du (5.19-4)
2 22 2 (Z*L)Q 2
My
=5 |:|27L|7|Z‘+\/a2+227\/(12+(L72)2:|.
The magnetic field follows naturally,
0 My z L—z
H,2) = —-2—®,,(0,2) = —2Z |sign(z — L) — sign(z) + + . 5.19-5
(0,2) = —25- @ (0,2) = = lg( )~ siEn(e) + \/a2+(L—z)21 (5.19-5)

Note that sign(z — L) — sign(z) = —20(L — 2)O(z) (only inside cylinder), so

My
—Z
2

H(0,z) = -M+

z L—=z
N NGRS Z)Q] (5.19-6)

where I have rediscovered the previous expression for the magnetization, M = My20(a — 5)O(2)0(L — z), noting that I
need not a radial Heaviside function since this is evaluated on the axis. Since B = po(H + M), then

M,
B(0,2) = ”02 05

_|_
Vaz+ 22 (/a2 + (L — 2)?

- L—z ] (5.19-7)

is the magnetic induction.
(b) Plot the ratios B/uoMy and H/Mj on the axis as functions of z for L/a = 5.

Solution: Below is my plot of the ratios, Note that I am superimposing the two graphs, and the B graph still continues

/ —\
__/ \
1 0 / \5

-1

Figure 7: B/puoMy (red) and H/My (blue) on cylinder axis where L = 5a and z is measured in units of a.

outside the cylinder. Clearly, the magnetic induction is continuous at the edges of the cylinder, but the magnetic field H
suffers a discontinuity (since it bears the magnetization explicitly). This discontinuity is a manifestation of the magnetic
surface charge on the ends of the cylinder.
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Jackson (5.29)

The figure represents a transmission line consisting of two, parallel perfect conductors of arbitrary, but constant, cross
section. Current flows down one conductor and returns via the other.

Show that the product of the inductance per unit length L and the capacitance per unit length C' is
LC = pe (5.29-1)

where p, € are the permeability and the permittivity of the medium surrounding the conductors. (See the discussion about
magnetic fields near perfect conductors at the beginning of section 5.13).

Solution: Let the transmission line have length [ and surface area S. The idea is to put charges +@Q on either surface
to determine the capacitance, then to put currents =1 on either surface to determine the inductance. The charge density
consistent with a charge +@Q on each conductor has the form

p(r) = / da'o(r")6*(r —1'), (5.29-2)
s
which implies that its corresponding potential has the form
/ 1 /
O(r) = / g P L[ o) (5.29-3)
v dmer =l dme Js O Tl

where I used 6% to collapse the volume integration. It follows, then, that the energy of the charge configuration has the

form
W, = 1/ d*rp(r)®(r') ! /ddré?’ /da/d !
2y 8me Hr—r’||

‘ (5.29-4)
— da’ o(
8e / / ||r — r’ ||
Since this energy is manifest through the alternative form W, = %%2, such that
1 / 2
— / da/ do ) Q7 (5.29-5)
8me S s ||I‘ — I'/H 20
Now the current density consistent with a current +7 on each conductor has the analogous form
J(r) = / da' K(r)6*(r —r'), (5.29-6)
s
which implies the corresponding vector potential has the form
J(x' K’
A(r) = ﬁ/ d>r’ ERICORN ) / da’ ﬂ (5.29-7)
Ar Jy o e =xf] dw Js o (e — /]|
The energy of this current configuration then has the form
1 3 no_ 3,.53 / - K(r')
Wo == [ &rJ(r)- (r)— dr5 da d p
2 Jy 8 |r —r'||
) (5.29-8)
= d da’ K(r) - K(r')
“/ e=v]
Since this energy is manifest in the alternative form W,, = %LI 2.1 find the relation
K(r) K(r' 1
ﬁ/ da [ do KELEE) Ly (5.29-9)
87 Js Js [lr — x| 2
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Both o(r) and K(r) distribute themselves in a manner to minimize W such that (depending on the case) the conductors
hold charges +@Q or currents 1 respectively. Hence, o(r) and K(r) obey the same minimization problems, and must differ
by a constant, K(r) = ac(r)Z. Clearly, this constant must have dimensions of velocity, and can be determined without
assuming the geometry of the problem using a simple argument,

1= / o K(t') = a / da'o(r'), (5.29-10)

but since [da’c(r') = Q, I find that o = I1/Q. Substituting this choice, K(r) = ga(r)é into (5.29-9):

I2l2 / 1
ij/da/ da’ M = _LI? (5.29-11)
8 Q* Js Js e —r|[ 2
and substituting (5.29-5) in for the integral,
Sﬁﬂ; (4”2692) _ %LIQ
™ (5.29-12)

Therefore, the product of the capacitance per unit length C; and the inductance per unit length L; is equal to pe.
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Jackson (5.30)

(a) Show that a surface current density K(¢) = I cos(¢)/2R flowing in the axial direction on a right circular cylindrical
surface of radius R produces inside the cylinder a uniform magnetic induction By = ol /4R in a direction perpendicular
to the cylinder axis. Show that the field outside is that of a 2d dipole.

Solution: There is no current in space except for 7 = R, so I can defined a magnetic scalar potential V2®,,, for all
regions except for that discontinuity. Since the source involves cos ¢, I only need m = 1 in the general solution to Laplace’s
equation in cylindrical coordinates, so guess that

i R
P (s, 0) = %S . o o< (5.30-1)
Ssing, s>R
The associated magnetic fields are
—asi R 1 - R
H, = —30,®,, — BO‘,SIM’ s Hy = —0=050m =4 50 ¢ 8< (5.30-2)
Ssing, s>R S —lzcosp, s>R
which obey the BC’s §- AB e 0 and § x AH e K 2. The second BC picks out only Hyg, so I find two equations
B g1
Oé+ﬁ10, OZ*@ZE, (530—3)
which determine ov = I/4R and 8 = —IR/4. Therefore, the magnetic field (5.30-2) is
Hj, = —a (sin s + qsg%)——iA:» By| = B, = 1ol (5.30-4)
in = —« | sin ¢S + cos = 4Ry in| = Bo =75 .30-
and thus inside the cylinder is a uniform magnetic induction By = pol /4R, as desired. The field outside is
~ IR ~
H,. — % (sin $5 — cos quS) - (Sin $5 — cos qs(;s) : (5.30-5)
] 4s

and through this structure is indeed a 2-dimensional dipole.
(b) Calculate the total magnetostatic field energy per unit length. How is it divided inside and outside the cylinder?

Solution: The energy densities in each region are

1 /QL()I2 1 ﬂoIzRg
-“Hi, - B, = TADpo) “Hou - Bow = ) -OU-
2 16R? PR A TP (5.30-6)
such that the magnetostatic energy per unit length in each region is
Wi 1 B I mpgl? MWoue 1 B poI?R? mpgl?
5. 2l 7r)/0 T6R2 ~ 32 5. 2 7T)/O T 32 (5-30-7)

and the magnetostatic energy per unit length is divided evenly between each region. This gives a total
magnetostatic energy per unit length of

19174 7T/,L()I2
= 5.30-8

0z 16 ( )
(c) What is the inductance per unit length of the system, viewed as a long circuit with current flowing up one side of the

cylinder and back the other? (Answer: L = mpug/8).

Solution: The inductance per unit length L; can be found from %—V: = %LZI 2 where using (5.30-8) immediately gives
1 mpol? Tfho
LI =00 L, =— .30-
B 1 16 - 1 3 (5 30 9)

as given in the hint to the problem.
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Jackson (5.31)

An accelerator bending magnet consists of NV turns of superconducting cable whose current configuration can be described
approximately by the axial current density

me(ggmwwaR) (5.31-1)

The right circular current cylinder is centered on the axis of a hollow iron cylinder of inner radius R’ > R. The relative
dimensions (R, R’ a few centimeters and a magnet length of several meters) permit the use of a two-dimensional approx-
imation, at least away from the ends of the magnet. Assume that the relative permeability of the iron can be taken as
infinite. (Then the outer radius of the iron is irrelevant.)

(a) Show that the magnetic field inside the current sheath is perpendicular to the axis of the cylinder in the direction
defined by ¢ = £7/2 and has the magnitude
NI R?
%_<% )P+ } (5.31-2)

4R R?

Solution: By ”inside the current sheath” Jackson means for 0 < s < R. In matching boundary conditions it is
convenient to integrate the axial current density (5.31-1), using the delta function to map it to a surface current,

K(r) = ]2\% cos 5. (5.31-3)

Since Jree = 0 for all of space, it is true that Vx H=0 = H = —V® and the magnetic field can be written as the
gradient of a scalar potential:

H=-V®,, = 30,0 — %aq@ = H,5+ Hyo. (5.31-4)

Since the relative permeability of iron can be taken as infinite, it forces us to take the magnetic field in the iron to vanish,
H,.r = 0. The boundary conditions at s = R are

§AB:0 - Hs,out

= Hs,in
R R

(5.31-5)

NI
— COs ¢,

sx AH=K — Hyon _
5 $rout R 2R

- H in
R P,
where since K || Z the second boundary condition picks out only the angular dependence of the magnetic field. In the

first boundary condition note that I free replaced B — H since the permeability is vacuum inside and outside. Since the
permeability of iron is infinite, at s = R’ only the boundary condition parallel to the surface is valid:

§x AH=K — Hyo|

— Hgin

=0 = Hyium| =0. (5.31-6)
R R/ R
These give a set of three equations that determine the coefficients of the magnetic field in each region. Since there is no
free charge/currents in the two regions 0 < s < R and R < s < R’, it suffices to make the usual expansions

& — {assm(b, 0<s<R (5.31-7)

(Bs+21)sing, R<s<R

for the scalar potential. I chose only the sin component because the source of all the fields in this problem (5.31-3) involves
only a cos ¢. The radial terms are the usual factors of as™ 4 bs~"" under the choice m = 1 to get only a sin ¢ dependence.
Evaluating the necessary derivatives,

(5.31-8)

—qsin ¢, 0<s<R —Q COos @, 0<s<R
H, = . s H(,‘b:
- (B—Z%)sing, R<s<R — (B4 %)cos¢, R<s<R
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allows me to write the three boundary conditions (5.31-5) and (5.31-6) as three equations in three unknowns,

a—pf= —%
ot pt = _% (5.31-9)
Which can be easily solved (add the first two then plug in the third to get «, from which all else follows):
vz_ﬁ, ﬁ:i%]j, a:% <1+§2>. (5.31-10)

It follows, then, that the magnetic field inside the current sheath has the form

Hocs«rp = —asin ¢s — acos ¢QA5

NI R? o -
=-1R (1 + R’2> (smqbs + cos gzﬁqb)

(5.31-11)
NI R?Y |
TR\ TR
Multiplying both sides by pg, I find that
poNT R?\ .
BO<S<R = - AR (1 + ﬁ Yy (531—12)

which is the desired relation (5.31-2) in the problem statement. The ¢ vector indeed aligns the (constant) magnetic field
in the direction defined by ¢ = +7/2.
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(b) Show that the magnetic energy inside r = R is augmented (and that outside diminished) relative to the values in the
absence of the iron. (Compare part b of Problem 5.30).

Solution: The magnetic energy density inside s = R is given by

2
1 /,[,0]\]2]2 R2
B-H= —|B]’= 1 : 5.31-13

T ( )

In the absence of iron, the magnetic energy (per unit length) inside has the form W/l = wugI?/32. The corresponding
magnetic energy per unit length to (5.31-13) is given by

272 2\ 2
Win = %/dST’B -H= HolV"I (1 + R) /d?’r’, (5.31-14)

32R? R’?

14—

e (5.31-15)

Win  maoN>1° R2\?
l 32

where [ is the length. Since for problem 5.30 there is no N in the free surface current, I can set N = 1 in (5.31-15) and
directly compare the two relations. Since here (1 + R?/R?)? > 0, then the energy (5.31-15) in the presence of the iron is
larger (augmented) relative to the energy without the iron. In the outside region R < s < R’, the magnetic field has the
form

Hpooo = — (6 - 512) sin ¢ — (5 n 812) cos bd (5.31-16)
such that the magnetic energy density is
2 2 2 9
B-H =/ {(5 312) sin? ¢ + (BJrS%) 00524 = g {52+Z4+8627 (coszqﬁsianS)}
2 94 (5.31-17)
= jio [52 + L+ cos<2¢>>} ,
which can be integrated to give
27 R’ 2
2
Wo = 1520) [0 [ |54 25+ 2 contai]|
0 R S S
Wout _ THo 2/ 12 2 2 1 1
I —2{5 (R™—R") =~ B R (5.31-18)
_ muoN?I? [R*R™ B RS N Woue  mpoN21? - Rf4
32 R2RY  R2R* I 32 R
Hence, the energy outside is diminished relative to the energy without the iron 7wugl?/32, as 1 — R*/R™* < 1.
(c) Show that the inductance per unit length is
dL 2 2
R — ﬂ—/“LON 1 + i
dz 8 R
Solution: The total magnetic energy per unit length is the sum of (5.31-15) and (5.31-18),
W wugN2I? R2\? RY|  wuN2I? R?
w_ 1 1| =T E 5.31-19
z 32 TRE) T T RA 6 | "Re (5.31-19)
Since magnetic energy can be identified as the quantity %LI 2 it follows that
1L T N2I? R? L  7uoN? R?
1L, 14 2 Lo TNy, 5.31-20
21 6 | TRz |17 s |'TR? (5.31-20)
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Chapter 6
Jackson (6.1)

In 3d the solution to the wave equation (6.32) for a point source in space and time (a light flash at ¢’ = 0, x’ = 0) is a spheri-
cal shell disturbance of radius R = ct, namely the Green’s function G(*) (6.44). It may be initially surprising that in one or
two dimensions, the disturbance possesses a ”wake”, even though the source is a ”point” in space and time. The solutions
for fewer dimensions than three can be found by superposition in the superfluous dimension(s), to eliminate dependence on
such variable(s). For example, a flashing line source of uniform amplitude is equivalent to a point source in two dimensions.

(a) Starting with the retarded solution to the 3d wave equation (6.47), show that the source f(x’,t') = §(x")d(y’)o(t'),
equivalent to a ¢ = 0 point source at the origin in two spatial dimensions, produces a two-dimensional wave

~ 2cO(ct — p)

Wz, y,t) = L) 6.1-1
where p? = 22 + y? and ©(¢) is the unit step function.
Solution: The retarded solution to the 3d wave equation is
[f (X, 1)]re
\I/(X,t) = /d?’l’/ W7 (61—2)
where since [f(x',t')]ret = 6(2')8(y')5(t — L||x — x'||), I find
3(t — ¢llx —x'|])
W(x, 1) = / &2’ 5(2)8(y) e
[l — ||
_ /ddx/ (5(1")6(]/) 6(t - %\/(‘T - :C/)Q + (y - yl)2 + (Z - z/)Q) (6 1_3)
N CETIEE TEa e e '
[ NGRS
= dZ ¢ .
2 (z— )2
I will expand the delta function §(g(z")). Since g(z’) = 0 gives the roots
z— 2l = +\/c2t2 — p? (6.1-4)

and the derivative ¢'(2’) evaluated at these roots is

!
— 1
A S = — /22 — p2, 6.1-5
19zl PP+ (=22, ot ’ ( )
Z_Z—Zi

then I find that ) 5/ — 2 52— 1)+ 8(2 — )

Z =z Z—zi)+o(z — 2z
J(t— 2+ 2—2/2): 7120215. + . 6.1-6
NOTC) =2 i P (040

If follows that (6.1-3) can be written as

T2 )+ 62 —2L)

U(x,t) = CQt/dz' o
’ Ve — p? P2+ (z—2)?
_ c*t O(ct —p) O(ct —p) (6.1-7)
Vet —p2 | /P4 (-2 P+ (z—2L)?

2t : [2@(@5—,))].

02t2 —p ct
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where the integral is only nonzero if the integration measure hits both 2/, resulting in a Heaviside function. Therefore,

U(z,y,t) = 2c6(ct — p) (6.1-8)

as desired.

(b) Show that a ”sheet” source, equivalent to a point pulsed source at the origin in one space dimension, produces a
one-dimensional wave proportional to
U(z,t) = 2wcO(ct — |x]|), (6.1-9)

Solution: I will play the same game. Here, a point pulsed source at the origin 2’ = 0 in on spatial dimension has the
form of f(a/,¢') = 6(2/)6(¥'). This implies a retarded form [f(z/,t)];er = 6(2)8(t — 1[|x — x'||), such that (6.1-2) can be
written as

- WP =P+ (-
Ve =22+ —y)?+ (= =)

U(x,t) = /d3x'5(x')6 (t

(6.1-10)

) (t 12+ (y—y)>2+(z— z')2)

= /dy'dz'
N T R R
Let j =y —v and Z = z — 2/, defining 5 = 7 + 22 in the process,
0 1

U(x,t) = /dﬁdqs %6 (t - E‘/xQ + ﬁ2)

e (6.1-11)

b 1 _
AN )
P -’172+ﬁ2 c p

where I made the natural transformation to polar coordinates and subsequently integrated over all angles. I will expand
the delta function §(g(p)). Technically, g(p') = 0 has two roots, but since radii are positive I will take only a single root:

Py = V22 — a2 (6.1-12)

The derivative ¢'(p’) evaluated at this root is

~ £/ 2t2 _ 2
S L —— (6.1-13)

-
9'(p4)l = = ,
()= ==

so the delta function can be written as
1 _ ct L
o(t-2vaT i) = =L 55— 5y, (6.1-14)
c C2t2 _ 1.2

and (6.1-11) can be written as

2mctt
U(x, 1) = —onC

- p -
= d 55—
premll s = (P —p+)
2rc*t pO(ct — |z|)
= 6.1-15
V22 — g2 \/zz + 2 ( )
2P0 (ct — |z]) VAt — 22
e a2 ct ’

where again the integral is only nonzero if it hits the value g, resulting in a Heaviside function. Thus,

| (1) = 2mcO(ct — [a]) | (6.1-16)

as desired.
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Jackson (6.5)

A localized charge distribution produces an electrostatic field, E = —V®. Into this field is place a small localized time-
independent current density J(r), which generates a magnetic field H.

(a) Show that the momentum of these electromagnetic fields, (6.117), can be transformed to
1 3
Pﬁeld = 3 d’r (I)J,
c
provided the product ®H falls off rapidly enough at large distances. How rapidly is ”rapidly enough”?

Solution: Using the general formula,

1
Pﬁeldzuoeo/dSTExH:—Z/dngx(Vil)
1% v

(6.5-1)
= ie”’k/ i 1992
c? v Oxk’
Performing integration by parts,
1 .. . . OHJ
Pheg = —¢* U dapH’ ® f/ d>r g - @}
c x
ov v (6.5-2)

1 . . HI
—€F [/ dQ #¥ (r* H1 ) —/ i J - @} ,
¢ oV 1% Ox

where 7 is the outward normal vector to the oriented surface 9V. We are given that ®H falls off rapidly at large distances,
and it needs to fall off rapidly enough that the quantity »2H7® — 0 as 7 — 0, so that the surface integral vanishes
(H® — 0 faster than 72 — 00). This condition leads to

1
Ppo = 07/ d*r (V x H)®, (6.5-3)
14

where since we have an electrostatic field, V x H = J, as the time derivative of the electric displacement vanishes. Thus,

1
Phea = 5 / d*r ®J (6.5-4)
14

as desired.

(b) Assuming that the current distribution is localized to a region small compared to the scale of variation of the electric
field, expand the electrostatic potential in a Taylor series and show that

1
Pfiela = C*QE(O) X m, (6.5-5)

where E(0) is the electric field at the current distribution and m is the magnetic moment, (5.54), caused by the current.

Solution: Expanding the potential in a Taylor series to second order, ®(r) = ®(0) — E(0) -r, which implies that (6.5-4)

becomes
Pgea = /— —/ d*r r)J
(6.5-6)
_7/ d3r
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where I used the fact that the current distribution is localized to a region small to the variation scale of E, so that its
integral over all of space of the current can be neglected. Using index notation and the identity [ dr riJi = ebmb 1
find

j 1. o 1.
Pt = =B (0) /V &rr1J? = - G B 0)m”

6.5-7
1 JIREN(0)m* = | Py —lE(O) X m o0
626 field — 02

as desired.

(c) Suppose the current distribution is placed instead in a uniform electric field Eq (filling all space). Show that, no
matter how complicated is the localized J, the result in part (a) is augmented by a surface integral contribution from
infinity equal to minus one-third of the result of part (b), yielding

2 B(0) x m. (6.5-8)

Pficla = 302

Compare this result with that obtained by working directly with (6.117) and the considerations at the end of Section 5.6.

Solution: Not neglecting the surface integral and using my result (6.5-7) for the non-vanishing term, I find in general
that

1 1 .. . .
Pfieia = ZE(0) x m + 0—26”’“ /w dQ #F (r2 HI ). (6.5-9)

Jackson says I should get —1/3 of the first term listed, and that guy has an magnetic moment m in it, so it makes to
sense to use the following, ‘ ‘
3 FIplm! m’

R (6.5-10)

T 4rx r3

which is the lowest non-vanishing contribution to the magnetic field. This is justified because the current distribution is
small compared to the variation scale of the electric field, and the electric field is itself uniform. Using the same form of
the potential, ® = ®(0) — rE™(0)7", then

i — 1 [3fjflml—mj]

Pgela = C%E(O) x m + %(cg) T fkmj)
_ %(Cg)eijk /BV dQ (3%l — ki)
= C%E(O) X m — %(cg)eijk (4; (55757 4+ gklaIm 4 §En ity ot — ‘Zraknmj) (6.5-11)
= %E(O) < 2 0) Fem)m! — 3—;E(0) X m
= % (0) x m

Here, I used the fact that for such a small current current distribution, m can be taken to be constant, and odd factors
of 7 integrate to zero over a solid angle (the even factors are nonzero and give delta functions). I conclude, then, that

2

5.2B(0) xm (6.5-12)

Pgela =

as desired.
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Jackson (6.15)

If a conductor or semiconductor has current flowing in it because of an applied electric field, and a transverse magnetic
field is applied, there develops a component of electric field in the direction orthogonal to both the applied electric field
(direction of current flow) and the magnetic field, resulting in a voltage difference between the sides of the conductor.
This phenomenon is known as the Hall effect.

(a) Use the known properties of electromagnetic fields under rotations and spatial reflections and the assumption of Taylor
series expansions around zero magnetic field strength to show that for an isotropic medium the generalization of Ohm’s
law, correct to second order in the magnetic field, must have the form

E =poJ + R(H xJ) + 81 H*J + B2(H - J)H, (6.15-1)
where pg is the resistivity in the absence of the magnetic field and R is called the Hall coefficient.

Solution: The electric field E should be expanded under J and H because they are easily adjusted under experimen-
tation. The idea is to expand the electric field in terms of combinations of these factors, and without any derivatives.

E' = a9 JI 4 BUHT 4 ik gi gk 4 40k gh gt 4 ik g gk (6.15-2)
for some undetermined tensor coefficients. The only rotationally invariant tensors are the Kronecker delta and the Levi-
Civita symbol, so if we demand rotational invariance, each tensor is a multiple of those two:

E' = a8 J7 + BSTHT + nelF HIJF + (11696 + 42667 4 436 67%) JTHY H
+ (x1676F + x26" 67" + X367 67F) g7 TR H (6.15-3)
“E=aJ+BH+nHXJT) +yH>I +p(H-JI)H + xJ*H +(H-J)J
which is already very similar. On the grounds of parity, both E and J are odd (vectors), and H is even (pseudovector).

So, all terms on the r.h.s of (6.15-3) must be odd under parity. Clearly, 8 = x = ¢ = 0 since even combinations of current
are even under parity. Redefining the remaining coefficients to match Jackson’s definitions, I find the form

E=poJ + RH xJ)+ 1 H*J + B(H-J)H (6.15-4)

as desired.
(b) What about the requirements of time reversal invariance?

Solution: Since J involves a time derivative, it is odd under time reversal. For E and H, they both have the opposite
behavior as parity, so E is even while H is odd. Therefore, the r.h.s of (6.15-4) must be even under time reversal invariance.
Automatically, pg = 1 = f2 = 0 since J is odd and two copies of H are always even. The term H x J is even, so it stays
(as anticipated because Jackson gave it the "Hall” coefficient). Thus,

E = R(H x J) (6.15-5)

is the generalization of Ohm’s law for this problem, on the grounds of RPT invariance.
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Jackson (6.20)

An example of the preservation of causality and finite speed of propagation in spite of the use of the Coulomb gauge is

afforded by a dipole source that is flashed on and off at t = 0. The effective charge and current densities are

p(x,1) = 6(2)5(y)(2)8(t)
T.(x,1) = —3(2)5(5)8(2)3 (¢).

(6.20-1)

where a prime means differentiation with respect to the argument. This dipole is of unit strength and it points in the

negative z-direction.

(a) Show that the instantaneous Coulomb potential (6.23) is

B(x, 1) = —— :

4meg 73

Solution: Equation (6.23) tells me that

1 p(@',t)
O(x, t a3y LT
(x, )zmm/‘x|mfwu

5(2")0(y")d"(

5(t)=.

= ) d*z’
4“0 " / V(e =)+ (y -

1 §'(2")

2
P

5(t) | d2

- 47eg
which can be simplified by an IBP:

1

D(x,t)

z—2
= — o(t /dz o(z
rretll) S
1 z
_47'('605 t) (x2+y2+z2)3/2'

Since r = \/a2 + y? + 22 then the instantaneous Coulomb potential is

\/x2+y2 i (z—z’)27

+ (z —2')?

1

8
_47T60 [¢x2 Z—Z F’—/ /dZ 6 aZ (

1 z
4meg

D(x,t) = —

as desired.
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(b) Show that the transverse current J; is

Z 3
_ 5. 20-
e + 47rr3n(z n)} (6.20-6)

2
where the factor of 2/3 multiplying the delta function comes from treating the gradient of z/r3 according to (4.20).

Solution: The general formula for the transverse current is

. . 1
Jr =3 — VO = —5%(r)0' ()2 — ¢V [—4 5’(15)2]
. T T (6.20-7)
= =" () (D2 + -0 ()7 [ 5]
(03 (1): + =80V [ 5
There is an easy way and a hard way to go about this. I could identify the gradient term as the electric field of a dipole
centered at the origin with p = 2, but I will prove that fact directly through the explicit computation of the gradient:

v[Z)=v || =y s 5] =9 (5)]

__,00/1
T %04 02 \r

5 55 4 (6.20-8)
L |32z ' T i3 3
dr o, . 2 3r(2-7)
IR A= B
where I used Woodard’s hint and noted x'¢; = r, 2 - r = r cosf. Plugging this into (2.7),
1 z 3r(z2- 1)
= — / 3 7 — — 3 z — 2 -
Jr o' (t) {(5 (r)z 3(5 (r) o + g } , (6.20-9)
which is simply
2 8, . Z 3P (2 7)
J t)y=—8(t)|=0° — —_— .20-1
(0.0) = ~5(0) | 30002 - g + T (6.20-10)
as desired (6.20-6) with the identification n = 7.
(c) Show that the electric and magnetic fields are causal and that the electric field components are
E.(x,t) = L ¢ —8"(r —ct) + §(5’(7" —ct) — i(5(7“ — ct) | sin 0 cos 0 cos ¢ (6.20-11)
YT e r r2 ’ ’
E, is the same as E., with cos ¢ — sin ¢, and
cl. 8 (r—ct) §(r—ct)
E = = |sin® 08" (r — 20—1 - 20-12
L (x,1) Tncar {sm 05" (r —ct) + (3cos” 0 — 1) ( . . (6.20-12)
Hint: While the answer in part b displays the transverse current explicitly, the less explicit form
3(x,0) = —0'(1) | 200x) + Lv2 (L (6.20-13)
x,t) = — 20(x)+ —V— |- .20-
P 47 Oz \r

can be used with (6.47) to calculate the vector potential and the fields for part c. An alternative method is to use the
Fourier transforms in time of J; and A, the Green’s function (6.40) and its spherical wave expansion from Chapter 9.

Solution: The instantaneous Coulomb potential contributes to the electric field E = —-V& — %A in the following way,
1 z

Vo= —§(1)V [—3} . (6.20-14)
TEQ r
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The vector potential requires more work

!’y 1 A53 1 Bv/
A(r,t) = @/d?’r’M — _ZLO Br's (t— - r’||) 2°(0) + 1755 V' (7]
7 &

ar | T ] [ 620.15)
S (A P /dS 15 t_*||r—r\| 2V
drr c (4m)? [|lr —r'||
Following Jackson’s notation, I will let R = r — 1/, such that 7’ = ||R — r|| and d3" — d3R:
T\ . Ho 3 , R 1 9 1
A(r,t Rallip Z— /d Ré <t>V —_—
(r,1) = 47r7° ( c) (477)2 Rozp  © IR — || (6.20-16)

i (=0 =y [ () 5 [

(IR —x||) = (—1)2%V (IR —r||). I am now in the position to make arguments about the
presence of the delta function. Expanding the integrand,

_ Mo, T 3 s/ * (ol
Alr?) = 471'7“(S (t c) 4#28 V/dR5< ) Z rt 2l+1 Z Yim (6, €)Y (0, #), (6.20-17)

m=—0o0

where < 5 € {R,r}, it is evident that only the I = m = 0 term will contribute. This is because I have the quantity
[ 49 Y06 = Vimdiong (6.20.18)
which clearly enforces this condition. I find,

_ Moy TN, Mo O TP AR
Alr.?) = 47r7"(S (t C)Z 4t 0z V/dR(5< c>r>

__Hog (T, _ Mo O o, R F e B
- (t C)z 4Wazv{ /OdRR(S (t C>+/r dR § (t C)]

Before I perform the integrations, I will first differentiate with respect to time, using the fact that 6(t — R/c) = ¢d(ct —
R) = §'(t— R/c)=c?§'(ct — R) = §"(t — R/c) = 3" (ct — R):

(6.20-19)

. 3 3 T o)
—A(I'J):%é” (ct —r )HMZC gzv{ /0 dR RS (ct—R)+/ dR " (ct—R)}
0 [ r 7' %)
8" (ct — =V |- R (ct — — | dR & (ct — & (ct —
mor (ct=rit =g V| (R (c R)]O /O R (¢ R)>+ (ct — R) } —_—
a1 o

8" (ct —r) 2+ \Y 1(7’/5'(49357/7'575(ctffr)+5(ct)) W]

dmeq Dz K4

c 9 _1(—5(ct—7’)+6(ct))},

dmeq 0z K4

47T60r

_ 5// t _
47’('607" (ct—71)2+

d_[1

—A(r,t) = 8" (r—ct) 2+

(6(ct) =6 (r — ct))}

4megr 47r60@ _;
_ . v[Z S (r— 220°(r —ct) . 1o s
mor(s (r—ct) 5+ 4MO[ V[Tg}(é(ct) 5 (r — b)) + = v[(s (r ct)r] 63021,
1 _ C i _ _ i _ i
Wor(s (r=ct) 2+ ¢ [v Ls} (6 (r = ct) = d(ct)) = 8" (r — ct) 57
226’(1" —ct) . sin@
F e = o) )

69



Using (6.20-8) for the remaining gradient,

A )= S —et) s — —— () [i] + - [ 2 UBCEDN s e
4megr 47eq 73 4meg L\ 13 73
o868/ (r— et L (6.20-22)
z cos 00’ (r — ct) . sinf »
—8"(r— ct)r—27‘ t T 8 (r — ct) 3 0
Using sin 00 = cos 07 — 2, and moving the now generated V& to the other side,
VO Alr )= 5" (r—et) 5+ [ 2 3eosON i)
" Amegr dreg L\ 3 73
. 3cosf z
" — ct)r%r 8 (r — ct) C:; P8 (r — cwrg] (6.20-23)
8 (r — ct)
- "y _ 5 5 f N
= Treor 8" (r — ct) (2 — cos OF) + . (3cosbr — %) (3 cos 07 z)}
Now, note that since
[2 — acosbf], = —asinf cosf cos ¢
[2 — acosOf], = —asinf cosfsin ¢ (6.20-24)
[2—acosff], =1—acos?d
where in our problem a = 1,3, I find from (6.20-23) the components of
§(r—ct d(r—ct
E.(r,t) = 47rceor {5”(7“ —ct)+ 5 (rr ct) _3 (TT2 c )} sin 0 cos 6 cos ¢ (6.20-25)
¢ 38 (r—ct) 38(r—ct)] . .
Ey(r,t) = Treor [—6”(7" —ct)+ . i sin 0 cos 6 sin ¢ (6.20-26)
& (r—ct
E.(x,1) = {sinQ 05" (r — ct) + (3cos? 0 — 1) ( (r=ct) (6.20-27)
TEQT r

as desired.
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Chapter 7
Jackson (7.3)

Two plane semi-infinite slabs of the same uniform, isotropic, non-permeable, lossless dielectric with index of refraction n
are parallel and separated by an air gap (n = 1) of width d. A plane electromagnetic wave of frequency w is incident on
the gap from one of the slabs with angle of incidence ¢. For linear polarization both parallel to and perpendicular to the
plane of incidence,

(a) calculate the ratio of power transmitted into the second slab to the incident power and ratio of reflected to incident
power;

Solution: Inspect the following figure, Here n = sini = sinf, By = 2Z x Eg. Woodard has provided us with the

LM

Figure 8: Jackson (7.3)

electric and magnetic fields in each region, which can be easily derived from k in each region:

Eo,; = a;§ + Bi(cosid — siniz)

Eo,r = 0§ + Br(cosid + siniZ)

Eo,5 = ayg + By(cos 0 — sin 62) (7.3-1)
Eop = ap + By(cos 0 + sin 02)

Eo,t = ouf) + Pi(cos i — siniz)

—By,; = aj(—cosit +siniz) + B9

n

EBOW = a,(cosiZ +siniz) — B,.9

n

EBo,f = a;(—cos 0% +sin02) + [y (7.3-2)
n

EBo’b = ap(cos 0% + sin02) — Byy
n

%Bo,t = ai(—cosit + siniz) + By
Everything will be written in terms of a given «a;, 8;. There are two boundary conditions at each of the two boundaries,
AE| = 0 and AH| = 0, giving rise to 4 equations. Each of the 4 equations will be a mixture of two directions, giving
rise to an effective 8 equations in 8 unknowns. The boundary condition at d requires the addition of phase factors ¢y
and ¢; on the fields due to their evaluation at z = 0. I will omit the phase on the transmitted field because it can be
shown to provide an overall phase that is unobservable after taking the absolute value squared (to get the power ratio). In
addition, Woodard has us taking p = o, so the boundary condition AH = AB) = 0. Since 7 = 2 then each boundary

condition involves curling it with 2, resulting in two equations, one in & and the other in §. The conditions AE; =0,
z=0
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AB =0, AE =0, and AB = 0 give,
. _o I,y . _y

a; +ap =af+ ap

afei¢9 + abe_i% =

n(or — ;) cosi = (o — ap) cos 6 (7.3-3)
(—ase + ape ™) cos = —nay cosi
for a’s and
(Bi + Br) cosi = (By + By) cosd
(Bf€i¢9 + Bye %) cos § = B3, cosi (734

n(_ﬁi + Br) = _Bf ~+ B
—Bse'® + Bre” 90 = —np,

where note that the acquired phase is ¢g = “’Td cosf, and the reflected rays get e~*?¢ instead of the positive sign. I will

first work with the s, so first define y = 22t — \/’; = 1'2 -. With this choice, equations (1) and (3) of (2.3) can be recast
—sin< 1

into

200 = ai(1+7) + ar(l —7)

7.3-5
20 = (1 — ) + a-(1 +7), ( )
and equations (2) and (4) of (7.3-3) are simply
20 = oy (14 ~)e 9
f t( ) 4 (7.3-6)
20 = (1 — v)eite,
where clearly (7.3-5) and (7.3-6) can be equated to result in
1+ —i 1- i
arl_ify = e % — arﬁ = e’ — q. (7.3-7)

My goal is to first find ay/a;, which is the probability density of transmission in the perpendicular polarization case.
Dividing the two equations (7.3-7) results in

(L-v? _ are ™ -1 (L= _ e[ iy (1=7) is,

= 4 == 1- =
(1+7)  greive —1 1+7)? (1+7)? (7.3-8)
o 4y
i (U476 @ — (1=~
The norm squared of this quantity is the ratio of power transmitted to incident power,
T, =% ’ - 167°
P ol T R = ()R [T )R — (1= )]
2
_ 16y (7.3-9)
(1+7)* = 2(1+7)%(1 —7)? cos(2¢) + (1 —7)*
_ 1672
1672 +4(1 —42)2sin® ¢p
42
T = 7.3-10
T 42+ (1 - 42)2sin? gy ( )
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This is ratio of power transmitted to the incident power for the case of perpendicular polarization. With this, the
computation of the ratio of power reflected to incident power is simple as 1 =T, + R, implies from (7.3-10) that

_ (1=9%)?sin’ ¢y
T 424 (1—42)%sin g

(7.3-11)

is the ratio of power reflected to incident power in the case of perpendicular polarization.
The equivalent quantities for parallel polarization are determined by the 8’s. Define now that quantity n = =254 =

. n cos 6
n\/%, such that v = n?y. With this, equations (1) and (3) of (2.4) imply
28 =nBin+1)+nB-(n—1
By =nBi(n+1) +np(n—1) (73.12)
2By = nfi(n —1) + npr(n+1)
and equations (2) and (4) of (2.4) imply
28 =n +1)e e
By Be(n+1) , (7.3-13)
26y = nfy(n — 1),
which all together result in the equations
n+1 ibo n—1 —ige
r—— = Pt — D r——— = D€ — B 7.3-14
5,1 = Bl — 5 81 = B — (7.3-14)
that can be divided to give
Bt p—ige _
1—n)? e 1
(L=n)f _ B . (7.3-15)

(L+n)? %ei‘f’g —1

This is great, because this equation is the same as that for the case of perpendicular polarization (7.3-8) but with the
substitutions « — 8 and v — 7. I can immediately quote the same answer (7.3-10) under these substitutions,

T, = 4n? _ als
I 4n2 + (1 —n)? sin? ¢ 492 4 (n2 _ l;)Q sin? 10y,

n

(7.3-16)

where I recalled that v = n2n so I can write both transmission probabilities in terms of the same parameter y. This is the
ratio of transmitted power to incident power in the case of parallel polarization. Since 1 =T} + R|, it follows that

2 2\ 2
(n _F) sin® ¢g

2
4y2 + (n2 — Z—z) sin? g

R = (7.3-17)

is the ratio of reflected power to incident power in the case of parallel polarization.

(b) for i greater than the critical angle for total internal reflection, sketch the ratio of transmitted power to incident power
as a function of d measured in units of wavelength in the gap.

Solution: Total internal reflection occurs when v/1 — n2sin?i becomes complex, implying that sini > 1 /n is the
condition for T.I.R. Substituting the necessary quantities:

4n? cos? i
T, = 5
. . . 2 25 . " . .
4n? cos2i — |1 — n2sin? i (1 + %) sin? (M\/ n2sin®i — 1)
[1—n? sin? | c
4n? cos? i
= 3 (7.3-18)
2 9 22 n2cos2 i - 12 ((wd 22, .
4n? cos?i + |1 — n? sin” i (1+7‘1_n28in2i‘ sinh” ( £2y/n?sin”i — 1
4n? cos?i
= 1) = 2 2 5 ]
2 2 22 2 cos? 1 : wd 22,
4n? cos?i + |1 — n? sin” i (n +7|1_n25in2i‘) sinh (C VnZsin“i—1
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where I noted that sin?(iz) = — sinh®(z). For the purposes of plotting, I will measure d in units of ¢/w such that I can let
c/w =1, and I will select n = 3/2, sini = /3/2 (for a 7/3 angle of incidence). I then find the following figure

-
1
0.5
parallel
|
0 0.5 1 15 2 25 3
| | 14 |

Figure 9: Plot of T vs. d in units of gap wavelength for L polarization (red) and || polarization (blue) for n = 3/2 and < = 7/3 = 60°.
There is a critical gap d. = 1 = ¢/w for which the greatest difference in transmission probability occurs between L and || polarization.
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Jackson (7.16)

Plane waves propagate in a homogeneous, non-permeable, but anisotropic dielectric. The dielectric is characterized by a
tensor €;;, but if coordinate axes are chosen as the principle axes, the components of displacement along these axes are
related to the electric-field components by D; = €;F;, where €; are the eigenvalues of the matrix of &;;.

(a) Show that the plane waves with frequency w and wave vector k must satisfy
k x (k x E) + pow?D = 0. (7.16-1)
Solution: Faraday’s Law tells me that
VxE+0B=0 = ik x Eg —iwBg =0, (7.16-2)

where T assumed the fields are plane waves with exp(ik - r — iwt). This dielectric leaves unaffected the magnetic field, as
there is no magnetization, meaning B = poH and

k x (k X Eo) — uowk X HO = 0, (716-3)
where I additionally divided by 7 and hit both sides with k. Next, the Ampere-Maxwell law tells me that
V><H—8,¢,D:0:>kXHo—i-wDQZO7 (716—4)

where T again assumed plane wave solutions and divided by 4. Substituting this into (7.16-3), I find

k x (k x Eg) + pow?Do =0 = |k x (k x E) + pow?D =0 (7.16-5)

as desired. Note that I multiplied by the exponential factor to convert all fields into their full forms.

(b) Show that for a given wave vector k = kf there are two distinct modes of propagation with different phase velocities

v = w/k that satisfy the Fresnel equation
3 2

n.
Z 720
v2 —

i=1 g

where v; = 1/,/lg€; is called a principal velocity, and n; is the component of 72 along the i-th principal axis.

Solution: Expand the vector triple product,

k(k-E) - E(k-k) + pow?D =0, (7.16-6)
where since k - k = k? = w?/v? such that
w’ w’ 2 2
0= U—Qﬁ(ﬁ~E)7U—2E+,uow D=da(n-E)—E+ povD
= (ninj — 52J)E] -+ ‘LL()’U2€Z'E1‘ (716—7)

51' "U2
= l(nmj —0ig) + =5

J

E;

which is a matrix equation that gives non-zero solutions if the determinant of the matrix in brackets vanishes,

2 v2
nl—l—i—ﬁ nins ning
2
0= NNy n%—l—i—z—g nong
2
2
n3ni n3No n%—l—l—f}—z
3
7.16-8
2 U2_U% 2 UQ_U% 2 UQ_U?% 2 2 2 2 UQ_U?% 2 2 UQ_U% ( )
=\|{nj+ 3 n; + 3 n3 + 5 —nan3| +njny 5 +ning | —5—
v v v v v
1 2 3 3 2
2
v
_ 2/, 2 2\/,2 2 2/, 2 2\/,2 2 2/, 2 2\, 2 2
= 202 [ni(v? —v3)(v* — v3) + n3(v* —o7) (v —v3) + n3(v* — o}) (v —03)],
123
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where I suppressed the algebra for obvious reasons. Which for the nontrivial solution v # 0, the quantity in brackets
vanishes,

2 (7.16-9)

which is the Fresnel equation.
(c) Show that D, - Dy = 0, where D, and D, are the displacements associated with the two modes of propagation.

Solution: Take (7.16-7) for two modes a and b,
0= [(nin; — &;) + ﬂovgeiéij] EY, 0= [(nin; — &) + uovfei(&j] E?, (7.16-10)
Act each equation with the mode of the other equation,
0= [(n,nj —0i5) + uovgeiéij] E}’Ef’, 0= [(nm] —0i) + ,uovfeidij} E?E;’, (7.16-11)
where since the tensor in brackets is symmetric, I am free to swap i <+ j in say, the first equation:
0 = [(ninj — 0i5) + povieidi;| ELE?, 0 = [(ninj — 6i5) + povieidis) ELE?. (7.16-12)
These equations together imply that
0= po(v; — vp)ed; ELEY = (v2 —v3)D* - E* = D, -E, =0, (7.16-13)
for any two arbitrary modes. I will now take (7.16-7) in its vector form for some mode a and dot it with some other Dy,
0= (n-Dy)(-Ey) — By - Dy + pov?D, - Dy, <= 1pv>D, - Dy = E, - Dy, (7.16-14)
which followed from Gauss’ Law that n - E = 0. Thus,

(71619

as desired.
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Jackson (7.27)

The angular momentum of a distribution of electromagnetic fields in vacuum is given by

1

L =
poc?

/d3r r x (E x B) (7.27-1)
where the integration is over all space.

(a) For fields produced a finite time in the past (and so localized to a finite region of space) show that, provided the
magnetic field is eliminated in favor of the vector potential A, the angular momentum can be written in the form

1

L =
poc?

3
/d3r ExA+) EirxV)4;|. (7.27-2)

Jj=1

The first term is sometimes identified with the ”spin” of the photon and the second with its ”orbital” angular momentum
because of the presence of the angular momentum operator Lo, = —i(r x V).

Solution: First, I will decompose the double vector product

E x (Vx A) =E x %9, Aye;

= s”kslmlElajAkem

7.27-3
= 6jm5klElajAk€m - 6jl5k'mElajAk€m ( )
= EkajAkej — EjajAkek

where e; is a unit vector in direction j. Therefore, I find from (7.27-1) that
1 3 Lk 3
L= 5 [ d°r Ep(r x V)A — s€e; | dPr 05 Ay
Hoc HoC
1 1 (7.27-4)
= NOC2 /dgr Ek(r X V)Ak - /J()CQ Ellkei/dST [8] (T’lEkAk) - (ﬁj'rl)EjAk - rl(é)jEj)Ak] ;

where I expanded the second integral as a total derivative minus 2 terms. This is nice, because the total derivative vanishes
for localized sources, and since we are in vacuum, 0;E; = p = 0, so using the fact that J;r; = 6;; I find that

1 .
L= 5 /d3r Ep(r x V)A, — 2€”kei/d3r 11 E;05 Ay
HocC Hoc (7.27-5)
1 1 '
= 5 /d37‘ Ek(r X V)Ak + 2621k6i/d3’r’ EjAyg,
Hoc Hoc
which followed from a second IBP and dropping of the boundary term. This can be written in total as
L= 5 /d?’r [E x A+ Ei(r x V)Ag] (7.27-6)
Hoc€
as desired. Note that the sum over k is implicit.
(b) Consider an expansion of the vector potential in the radiation gauge in terms of plane waves:
Alr,t) =) / L [ex(k)ax(k)e™ >t 4 c.c] (7.27-7)
, 2 ) .c|. .

The polarization vectors ) (k) are conveniently chosen as the positive and negative helicity vectors e4 = %(61 + igg)

where €1, €2 € R are orthogonal vectors in the plane whose positive normal is in the direction of k.
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Show that the time average of the first (spin) term of L can be written as

3
Lagio = = [ gk 00 = fa- ()] (7.27-8)

HoC

Can the term ”spin” angular momentum be justified from this expression? Calculate the energy of the field in terms of
the plane wave expansion of A and compare.

Solution: The vector potential can be written

A d3k/ / / / / ik’ x—iw't APR / APR / —ik’ x+iw't
(r,t)/w (e ()0 (k) +e-(K)a_ () e T (e_(K)a% (K) + 4 (K)a* (K) |. (7219

where I expanded the sum over A and noted that €7 = e_. The electric field follows from E = —A:

E(r,t) = / (‘217:;@) [(e4 (K)ay (k) + e (K)a_(k)) e** " — (e_(k)a% (k) + e (k)a* (k)) e xFet] - (7.27-10)

which implies that

3 3 1./
oxa= [ oy | oy <zw>[<s+<k>a+<k>+e_<k>a_<k>>x<e+<k'>a+<k’>+e_<k’>a_<k’>>e“k“")"‘*“w*w’”

+ <E+<k>a+<k> + E,(km,(k)) x (e- (K)a (k) + e (K)a™ (K)) ¢
(e-(K)a} (k) + ey (k)a* (k) x (e (K )ar(K) +e ( Na_ (K')) e kK chilw et
(e_(K)a? (k) + ey (K)a* (k) x (e_ (K)a’(K) + ey (K)a* (K))

i(k—k')-x—i(w—w’)t

p‘_.

e~ k+k/ X+i(wtw’ )t

(7.27-11)

When this is substituted into (7.27-6), the integral over all of space swaps the exponentials to delta functions which
collapse one of the momentum integrals,

1
Lspm:—z/d?'rExA
HoC€

3
= [ i) (00 () + - (100 (1) (o1 (K)o (k) + - (~K)a—(—Io) "
Ho (7.27-12)
+ (e (K)ay (k) +e-(ka-(k)) x (e-(k)a} (k) + e (k)a” (k))
— (e~ (k)al (k) + ex(k)aZ (k)) x (e+(k)ay (k) + e (k)a(k))
— (o= ()a (k) + £ (Ka™ (1)) (e (—k)a (—k) + & (—k)a” (k) e2]
If T now time average the expression, since (exp(£2iwt)) = 0, only two terms remain,
3
(L)pin = ﬁ / (;jguw){(&r(k)mr(k) +e_(k)a_(k)) x (e~(k)a’ (k) + e1(k)a* (k)) (r2713)
~ (e-(0)a () + £ (0a (1) x (e (K)ay (1) + e (K)a_ (1) .
where since e, X e_ = —ik and all else are zero,
1 [ Bk - . . .
Lo = 5 / ) | = iklay () + ikla— (K = iklay (k)| + ikla (k) 2] i
3 R .
25 [ b [l 00 = a-0F].
Lastly, wk = ckk = ck,
3
g = e [ Gyl (B = o (0 (7.27-15)
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which is the desired expression. Is this truly a spin angular momentum? Here,

3 3
E.E - / (37:;3 / (;lwk)gww/ [(ex (K)ay (k) + e (K)a_ (k) > — (e (k)a” (k) + e (K)a® (k)) e~ *x+e!]

(€0 () <2 () (k) e (e (K)al () + €2 (K)a” (K)) X

(7.27-16)
which results in
MSCQ / d&*rBf? = é / (;ij&w?[(egk)agk) +e_(Ka_ (k) (ei(k)ai(k) +e* (K)a* (K))
(e () () — e (Ka_(K)) - (" (—K)ar (—k) + & (—K)a* (—k)) e~
— (e—(k)a’ (k) +eq(k)a* (k)) - (e(~k)a’(-k) + e (- *, —k)) e (7.27-17)
+ (- (K)at () + ey (K)a* (K)) - (€7 (K)a’ (k) + &* (k }

L [arqer) = 25 [ S a9 + a9,

where I used €% - e+ =1, else are zero. This is the energy of the electric field, and the energy of the magnetic field can
be found via

i/d%J-A:i/d%(vXB)-A:i/d%(vX (VxA)-A
Ho Ho Mol (7.27-18)
=—— [ &’ V?A A,
Ho

which follows from Coulomb gauge. Here,

3
V2A = — / %/ﬁ [(e4(k)ay (k) + e_(k)a_(k)) e > + (e_(k)a’ (k) + ey (k)a’ (k) e "> - (7.27-19)

which follows that

3 3 1./
VA A =- / (;:;3 / (‘;:)3142 [(e4 (K)ay (k) + e (K)a_ (k) x>+ (e_(k)a (k) + 4 (K)a™ (k)) e~k +t]

: [(s+(k’)a+(k’> e (K)a_(K)) e >t (e (K)ak(K) +ep(K)a* (K)) e*ik’-ww’t}

(7.27-20)
3
[rviaa =~ [ Sk (e K)as10 + e (Ka-(19) - (—e(K)a () — e (~K)a (1) e
2 (e1(K)ay (k) +e-(k)a (k) - (e-(k)a} (k) + e (k)a’ (k)) (7.27.21)
+ (67(k>a+(k> +ey(k)a (k) - (e-(K)ai (k') +es(K)al (K)) e* ’
1 2 [ d3k
- dr (VA - A) = - / Wk2 [|a+(k)|2 + \a_(k)ﬂ.
I therefore find that the time averaged energy has the form
1/ 1 1 2 [ Bk
W= (M002 /d3r<|E|2> - Mo/d3r<V2A~A>> = W/ka[|a+(k)|2+ |a_(k)|2} (7.27-22)
Comparing this with (7.27-15) I immediately conclude that
\ Wy = w|Lapin,+ | \ \ W_ = w|Lepin,_ | \ (7.27-23)

where I have decomposed W = W, + W_ and similarly for Lgp,. Thus, the energy is the angular frequency times the
angular momentum norm, which is precisely ¥ = hf = hw for photons since L = h, where £ is the intrinsic spin of the
photon. I conclude that the quantity (7.27-15) is representative of the intrinsic spin of the EM field.
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Chapter 8
Jackson (8.2)

A transmission line consisting of two concentric circular cylinders of metal with conductivity ¢ and skin depth §, as shown,

is filled with a uniform lossless dielectric u,e. A TEM mode is propagated along this line. Section 8.1 applies.

(a) Show that the time-averaged power flow along the line is

b
P= \/ﬁﬂ-a2|Ho|2 In <> , (8.2-1)
€ a

where Hj is the peak value of the azimuthal magnetic field at the surface of the inner conductor.

Solution: Since the TEM-mode is also a solution to an electrostatic problem, I can solve this as a static problem
then tag on exponentials that make this a wave-guide problem. Let there be a total charge per unit length A lie on

the inner conductor, then by Gauss Law I find that E = %S‘ This relates to the magnetic induction via the relation

B= pezxE= \/gﬁé The peak of the magnetic field at the inner surface s = a then follows as

1 A
Hy = > \ = 2na\/eHy, 8.2-2
0 VIE 2Ta Tav et ( )
and the static problem has the solution
a_ - a. .
Hstatic - gH0¢7 Estatic - \/gSHOS (82'3)

The general TEM mode solution then has the form
Hopgy = - HoelF*0 g, Erem = \/EaHoei(kzm)é, (8.2-4)
s €s

The time averaged Poynting vector then follows from S = %E x H*, so

1 [pa? 9. 1 [pa® 2,

which can be integrated to give the time-averaged power flow:

1 27 b d b
P= /da- S = \/ﬁa2|H0|2/ d(b/ “ = lp= \/ﬁwa2|H0|21n () (8.2-6)
2V e 0 o S € a

as desired.
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(b) Show that the transmitted power is attenuated along the line as

LRy
P(z) = Pye 27" = —~a b 8.2-7
(2) e 77 205 p In(b/a) ( )
Solution: Section 8.1 applies here, so the power loss is of the form
dPioss  prewd o
= H 8.2-8
da 4 | ‘ Y ( )

where . is the conductor permeability and 6 = /2/u.wo is its skin depth. The mode is dying out along the direction of
propagation z, so project out this power loss from (8.2-8):

dP wd [T
T = [ do (s = )+ HH(s = D))
T ew
= T (alH(s = o) + b|H(s = b)),
where I noted that the loss is attributed to interactions with the inner and outer surfaces. Using (8.2-4),
dP, 0 2
loss _ T heW a\H0|2 + i‘HO|2
dz 2 b
21 (8.2-10)
=" ( =+ =) |H/~
od <a * b) [Hol
Now, this is the power loss, so there is the relation dP/dz = —dPoss/dz. Assume that the change in power is proportional
to the power itself: dP/dz = —2~P, which is to align with the problem statement,
‘P(z) = Pye 2% (8.2-11)
all that remains is to determine . By construction,
2
vy = L OPoss _ o5 (e + ) [Hof” = |y = L felati) (8.2-12)
2P 0z 2\/§7m?|H0|2 In (3) 206\ p In(b/a)

as desired.

(c) The characteristic impedance Zy of the line is defined as the ratio of the voltage between the cylinders to the axial
current flowing in one of them at any position z. Show that for this line,

Zy = 2 “m(b) (8.2-13)

2w\ € a

Solution: The voltage difference between the cylinders is easily obtained from the electric field (8.2-4),

b b
Ad = / ds-E = \/ﬂaHoei(kz_“’t) / ds = \/EaHoei(kz_“t) In (b> , (8.2-14)
a € o S € a

and the axial (surface) current is easily determined through

K=3§xH| = Hyk=wtz (8.2-15)

S=a

Since I want the current I, my choice in inner/outer cylinder is irrelevant. This current is simply

27
I= / dl, K = / adé (Hoe“’”*wt)) — 9waHyel k==t (8.2-16)
0
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where since the characteristic impedance is defined as the ratio of (8.2-14) to (1.9), I find

1 /p b
ZO = % z In (a) (82—17)

as desired.
(d) Show that the series resistance and inductance per unit length of the line are
1 1 1 I b pd (11
= -+ - =_—lIn{ - -+ = 2-1
R 2100 <a+b> £ 27 n(a>+ w\at3) (8:2-18)

where p. is the permeability of the conductor. The correction to the inductance comes from the penetration of the flux
into the conductors by a distance of order §.

Solution: The energy loss dPi,ss/dz is manifest as Joule heating: Poss = I2,R = 2I?R. The resistance per unit
length is R = dR/dz, so

p_ 2 dPos _ 2na” (1

1 2
+ = | |H 2-1
7 dz 206 b)| ol (8:2-19)

a

where according to (8.2-16), Hy = I/2ma and I find

1 /1 1
R=— (a + b) (8.2-20)

as the desired resistance per unit length. The inductance per unit length can be determined through the relation W =
%L[2 = iLIQ, from which

rms

4 oW _ 4 |:8W5<a + aVVa<s<b + 6W8>b:| , (8.2—21)

T 1292 I? 0z 0z 0z

where I am accounting for the fact that the magnetic fields decay inside the conductors according to the skin depth:
H,. = HHe_f/ % where ¢ is the distance relative to the boundary of the conductor. Using the magnetic field (8.2-4),

1 o0
(27) / sdsHs>b|2]
b

12 | 4pe 4p

9 a b 2 oo
= 1‘H0|2 LLe 86_2((1_5)/5(18 + MGQ % + Hea Se—Q(S—b)/édS
12 s b2
0 a b

4|1 . 1 ’
L=— l(Zﬂ')/ sds|Hocol” + 7(277)/ sds|Hocsco|” + Ap
0 a ¢

(8.2-22)
_ 1 —2ass [ 250 21, (2 1ea® op5 [°° ~2s/5
= 92 Mee se S+ pa”In p + b—ze se S
0 b
I b e 1 1 52 52 82 ouss
=—In( - — 12l -+-)-=-—= —e 2/
27 n(a)+87r [ <a+b> <a2 )T e ’
Since § < a < b, to order § I find the desired self-inductance per unit length,
I b ued (11
L=—In|- -+ - 8.2-2
27rn<a)+47r (a+b ( 3)
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Jackson (8.5) ”incomplete”

A waveguide is constructed so that the cross section of the guide forms a right triangle with sides of length a, a, v2a, as
shown. The medium inside has u, = ¢, = 1.

Figure 10: Jackson (8.5)

(a) Assuming infinite conductivity for the walls, determine the possible modes of propagation and their cutoff frequencies.

Solution: The possible modes of propagation can only be TE or TM, as TEM modes are forbidden with this being a
single conductor. I will determine both of these modes from relation Eq.(8.41) from Jackson,

(02 + 0 +42,) Ynm = 0, (8.5-1)

where ¢ = H, (TE) and ¢y = E, (TM). The boundary conditions are g%‘ L= 0 (TE) or 9|surt. = 0 on the three surfaces
sur

y=0, x =a, y=x. Assume permeability and permittivity p,e. The trick in solving this problem to take inspiration
from section 8.4 of Jackson in which he solves the problem for a square,

(square) TE — Hy cos (@) cos (?) , ™ — Fosin (?) sin (m;ry) (8.5-2)
a

which indeed satisfy their appropriate boundary conditions on the four surfaces of a square of side length a. I can generate,
through particular linear combinations, solutions which are either even or odd with respect to the y = x boundary surface.
This has the effect of generating a (TE) or (TM) boundary condition on the y = x line for the square modes, which
describes precisely the problem at hand.

For the Dirichlet BC (TM), the linear combination must be odd under the transformation y <> x to satisfy ¢|,—, = 0,

o

and for the Neumann BC (TE), the linear combination must be even to satisfy 7 = 0 (derivative picks up the relative

-
minus). This naturally leads to the choices

YrE — [, [cos (@> cos (@) + cos (w) cos (@)}
a a a a

(8.5-3)
1/}5%1 = Fy {sin (LF.’L‘) sin (mﬂy) — sin (mwx> sin (@)}
a a a a
both of which satisfy the BC’s of a square waveguide AND the right-triangular waveguide above:
wzﬂl\f = FEy [Sin (wa) sin (mww) — sin (mwm) sin (—mm)} =0
y=zx a a a a
aovytE| —owm|  —oum|
= Hj [ _nr sin (—mm) cos (mwy) _mr sin (mwx) cos (@) (8.5-4)
a a a a a a
mm nTT\ . [(mmy nmw mnT\ . (NTY
+ —— cos (—) Sin ( ) + — cos (—) Sin (—) }
a a a a a a y==
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Hence, there are two possible (TE) or (TM) modes for the right-triangle:

H, = H, [cos (?) coS (@) + cos (m;rx) cos (%)} (8.5-5)
E,=E [Sin (?) sin (@) — sin (?) sin (nﬁ:y)} (8.5-6)

Both of these can be substituted into (8.5-1) to determine the 7’s:
~Yam¥nm = (05 + 0))¢nm

nmy 2 nwT mmy mi\ 2 mnx nmy

- (1) (7 () () () o (12
a a a a a a

(mﬂ')? (nﬂx) (mﬂy) (mr)? (mm;) (mry)}
— | —) cos|——)cos —|—) cos cos (| —=
a a a a a a
<[ Y w8 e = () ()
a a a a
~YnmWnm = (07 + 05
2 2

= Hj [ — (@) sin (—mm) sin (mﬂy) + (m) sin (mﬂx) sin (—nﬂ-y)
a a a a a a

(mw>2 . (mrw) . (mwy) (n7r>2 . (mmc) . (nwy”

— ) sin (—— ) sin —|—) sin sin ( —=
a a a a a a

2 2 2 2

{(M) + (1) } o= g2, = (20) (BT

a a a a

which are the same for (TE) or (TM). Since (8.38) of Jackson says wpm = Vnm/+/p€, I find the cutoff frequencies

(8.5-7)

1
Wnm = —z\/ n? + m?2 (8.5-8)

IHE a

for the right-triangle.

(b) For the lowest modes of each type calculate the attenuation constant, assuming that the walls have large, but finite,
conductivity. Compare the result with that for a square guide of side a made from the same material.

Solution: still needs to be finished!
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