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Integral - 1

/4 O
I:/ :chos(%)dle—
0 k=1

Solution: Let’s expand the product for clarity,

|

o x - xT x T xT
H COSs (27) = COS (?) COos (27> COS (?) X ... X COs (27) .
k=1

The trick here is to use the double-angle formula for sine,
sin(2z) = 2sin(x) cos(x) = cos(z) =

such that (1.2) can be written as

2sin(z/2) 2sin(x/4) 2sin(x/6)

2—k

’f:[lcos (2%) _ sin(z)  sin(z/2) sin(z/4)

o .
sin(e) el sin(z/2F)

sin(2x)

_k27k71
o r
sin(e) hvoo —xk2—F1 cos(z/2%)

sin(z)

T

So (1.1) is simply

w/4
I :/0 sin(z)dz
= —(cos(m/4) — cos(0))

/4 O
/ chos(%)dwzl—
0 k=1

ol

~ 2sin(z)’

sin(2z/2%)

2sin(z/2F)

(1.1)

(1.5)



Integral - 2

I= /DO sin(e®)dx = g (2.1)

Solution: Let’s first do a substitution of u = €7,

[ sin(u) "
I= /O du. (2.2)

u
To solve this I will evaluate the contour integral
iz
€ dx (2.3)
c <
over the contour C' defined in the figure below.

¢IR

A —

Figure 1: Problem (X-4)

To match (2.3) T will take the limits e — 0 and R — oco. The smaller semicircle is a result of the fact that the integrand
of (2.3) is singular at z = 0. The curve C' is a concatenation of the four sub-curves, such that

iz iz —€ iz € iz R iz
% Ldzz/e—dz—k/ e—da:—&—/ e—dz—k/ e—dsz, (2.4)
c < r <2 _R X _e R € X

through Cauchy’s residue theorem. Note that two of the integrals in (2.4) are purely real, since they lie on the real axis.
Separating real from imaginary,

iz € iz —€ iz R _ix € iz _ —ix R _;
/e—dz—i—/ L _/ e—dm—/ e—dxz/ Ldm:—%/ S 4 (2.5)
r < —e R _R X € T R xT € x

which is precisely the integral we want to solve. Let’s rearrange and take our limits,

R ; i ; € iz
lim / Mdm - lim —dz + 1 lim / e—dz
(R,e)—(00,0) J T 2 (Re=(0,0) Jp %2 2 (R,e)=(0,0) J_, 2

. € iz (26)
_ 2 lim e—dz,
e—0 e
where I used Jordan’s Lemma on the first integral.! The trick now is to parameterize the path by z = ee’® to give
° sin(x) 1 T ieei® I jeei® L [" T
- - iece I li iece _ _ 2.
/0 — dz 5 lim ; e*® do 2/0 lim e d¢o 2/0 do 5" (2.7)

; /OO sin(e®)dx = g (2.8)

—0o0

LIf a complex function is defined on a complex semi-circular contour, then if the semi-circular contour is taken under the limit of arbitrarily
large radius R — oo, the contour integral of the function on that contour goes to zero. However, certain constraints must be made.



Integral - 3

I :/ In(sin(x))dz = —7 In(2) (3.1)
0
Solution: Complex analysis? Of course. Let’s instead inspect the complex version

I= /077 In(sin(z))dz

™ iz _ ,—1Z
:/ In (H> dz (3.2)
0 27
= / In ((e** — 1)e™*) — In(2i) d=.
0
Using the fact that
In(2i) = In(2) + In(¢) = In(2) + In (eW) = In(2) + in/2, (3.3)
allows me to rewrite (3.2) as
I= / In (** — 1) — iz — In(2) — ir/2 d=. (3.4)
0

In order to take advantage of Cauchy’s residue theorem, we need to integrate over a contour. Inspecting (3.4) tells me
that the bounds of the integral are indeed poles, as the natural log blows up there. So, I will choose the contour in the
figure below,

R

U3

o

4
X\ 5o % \6?/

Figure 2: Problem (X-5)

I will take the limit  — oo and € — 0. Since all poles are avoided, CRT tells me that

I’zéz/Y1+/w+/%+/w+/s+/%=0, (3.5)

where I am abusing notation. 4 is "real” nice,

/ = lim In (e** —1) —iz —In(2) —ir/2dx =1, (3.6)
Y4

e—0 €

and is precisely the integral I am trying to solve. If you are ever integrating over two parallel lines of the same length in
the complex plane, it’s best to do them together. So, for v, I will parameterize the path by z = it for ¢ € [¢, 7], and for



v I will choose z = 7 + it for the same ¢.

/ —|—/ =i lim / In(e™? — 1)+t —In(2) —in/2 dt
Y1 Y2 (5777)_>(0700) n
/,7 .
+i  lim )/ In(e* ™2t — 1) —ir +t —In(2) —in/2 dt. (3.7)

(e;m)—(0,00

2im — 1, when I flip the bounds of the second integral all terms cancel except for one:

/ +/ =7 lim /iﬂ'dt: lim 7. (3.8)
m Sy (@m=(0.00) Jy e

this term is obviously problematic, so hopefully it gets canceled. I will parameterize 3 as z = in + 7t for ¢ € [1,0],

Since e

1
/ =—m lim [ In(e” 7% _ 1) 4+ 5 —int —In(2) —in/2 dt
3

n—oo Jq

1
= —7r/ In(—1) + lim 7 — int — In(2) — in/2 dt (3.9)
0

n—o0
=-7 (ln(—l) + li_{n n—in/2—1n(2) — i7r/2>
n— 00

Since In(—1) = i, the 7 terms cancel, leaving just

n—00

/ =7ln(2) — lim 7. (3.10)

This is nice because when (3.10) is combined with (3.8) we get

/%+/72+/73 = 7ln(2), (3.11)

and the diverging terms cancel out. So, (3.5) reads as

I= —mn(z)—/%—/%, (3.12)

where I can parameterize 5 as z = e’ for 6 € [7/2,0], and v as z = 7 + ee’® for ¢ € [, 7/2]. The trick is that since
both have the same form differential, dz = iee’*dx, when the limit that e — 0 is taken the entire integral vanishes, and I
can conclude that I = —x In(2), which is purely real. Therefore,

/O” In(sin(z))dx = —7In(2) (3.13)



Integral - 4

/ cos(z) P
—oo (22 +1)2 e

Solution: Instead, let’s look at the following,

eiz
ﬁw%+w”%

which is integrated over the contour below.

7‘
T

s

Yy ©-

[4

Figure 3: Problem (X-6)

IR

I will eventually take the limit a« — oo, and take the real part. Through Jordan’s lemma, the semi-circular path portion
tends to zero as a — 0o, meaning the only contribution is the real part of (4.2), which is our original integral. Since the

integrand has a pole at z = i, Cauchy’s residue theorem tells me that

00 iz
/ CQL(x)da: = 27i Res 67,2'
—oo (@2 +1)? (22 +1)

d
= 27 lim — (

=27m'limd< ¢

z—i dz

(z+14)?

= 27 lim (

z2—1

ie*(z +1)% — 2 (2 + z))
(z+1)*

o (ie‘l(%)2 - 26_1(2i))

(2d)*

-(-3).
cos(z)

*/mukuv“‘



Integral - 5

La2 1
I:/O dezln@)

Solution: As is standard for Feynman’s trick, define a new integral

Lgt 1
1(t) :/0 () dx,

for which I seek I(2). The trick is to differentiate wrt the new variable ¢,

I can now integrate this to get what I want,

1
= —_— = 1 —
1(2) / t+1 dt‘t:2 ln(t + ) 2

1 (E2 —1

dr(ty d /1 zt—1 /1 o [t —1 /1
=— | ——dr=| = (F—)dx=
dt dt 0 hl(x) 0 8t ln(x) 0

In(3)

(5.1)

(5.2)

(5.4)

(5.5)



Integral - 6

jes} ap 1 2
1:/0 1n(zz+1)d””:1 (6.1)

Solution: Use the logarithm’s properties with a subsequent 1.B.P,

I:/ ln(e‘”—l—l)dx—/ In(e®* 4+ 1)dz
0 0

e . (62)
:[xln(e”+1)—1‘ln(e"£—l)]’0 —A mdl“f’/o 1—67:E dw
Let’s inspect the boundary term,
x e — e’ (e”—1)—e" (e +1
) et 4+ 1 ) In (212) . (eer}) ( ( (62,1)2( ))
lim zln - = lim ———* = lim
T—00 er — 1 T—00 1/32 T—00 —1/372
2, x
=2 lim ze
z—oo (e 4+ 1)(e* — 1)
2 (6.3)
=2 lim
rz—oo e — e~ 7T
=4 lim ——
z—o00 ¥ 4+ e~ %
= 0’
lim 2In(e” +1) — sln(e® — 1) = — Tim 2 =1 _ _y; i
Jigytn(e +1) —wlne” —1) =~ Jigy =5 = g
= —2lim (6.4)
z—0 e~ T
= O7

so the entire boundary term vanishes. Note that lim, ,,, e”* = 0 and lim,_,ge™® = 1, so the integrands in (6.2) satisfy
the condition to be represented as a geometric series,

e x > T
I =— d d
/0 1+e® x+/0 1—e= ™

oo 0o 0 oo (6.5)
= Z(fl)’”l/ xe " dx + Z/ xe " dx,
n=0 0 n=0"0
where I commuted the integral and sum because I am a physicist. Doing a little I.B.P,
= n+1 — T _ e 1 > —nzx
= (e ) (e [
n o nJy
n=0 n=0
S
= 2T > w2 (6.6)
n=0 n=0
2

T 2 > e’ +1 2
—n@2)+¢@) ="+ 1 dr =
@+@=T+ 5 = [ (G5 =T



Integral - 7 (Sophomore’s Dream)

1 oo
/ =% dx = Z n~" (7.1)
0 n=1

This was derived by Johann Bernoulli in 1697.

Proof: Let’s fix the nested exponent with some logarithms,

1 1 .
/ 7% dr = / (@) dg
0 0

1 (7.2)
_ / efwln(x) der.
0
Now, I need to get an infinite sum from somewhere, so how about I substitute the Maclaurin series for e*,
1
/ T dx = / —zn( )) dx
(7.3)

= (71)71 1:5” n"(z) dx
—7; = [ e aa.

where as a physicist I assumed the power series converges uniformly. This looks like it can be manipulated to a gamma
function, so let u = In(z) such that

/1 7% doe = i (71)’” /O (n+1)u " du. 74
- n! ( . )
0 . —00

n=0

Making the further substitution u = —v/(n + 1) to get the exponential how I want it,

[ CF [ (55

n=0
(=1)*" I
(Tl—|— 1)71+1 ve dv (75)

n_|_1n+1:>/ wdm_zn =

In the 2nd-to-last step I recognized the integral as I'(n + 1) = n! and shifted the index in the last step.

3

n



Integral - 8

I= /1/2 (1 —2)I(1+2) do fG ~ 0.583 (8.1)
0

where G =~ 0.915 is Catalan’s constant.

Solution: The first few steps are to use the fact that 2I'(z) = T'(14x), as well as the reflection property of the Gamma
function:

1/2
1= /0 al(x)[(1 — z) dzx

1/2
- / L (8.2)
0

sin(mzx)

1 Tl'/2
= / 'u du.
T Jo sinu

Maybe this will look better when I use the complex-exp version of sine,

2 /2 2 w/2
T o elu — p—iu T o etu (1 _ e—2zu)

Since e~2™ ¢ [~1,1] on the bounds of integration [0,7/2], it suffices to represent the term in the denominator in a
geometric series,

/ pem Z eIy = / Z ue ) gy (8.4)

n=0 n=0

Does it makes sense to swap the integration and sum? Well, e~("+1) is bounded on the region of integration so I don’t
see why not:

. 00 /2
:%Z/ e tD) g,
™ —Jo
n=0

2i u : /2 1 LA
_ = _ —iu(2n+1) —iu(2n+1) d
™ [ i2n+1)° o Tinr1) / ¢ “} (8:5)
_ i T w2 L ey L
m = 2i(2n+1) (2n+1)2 (2n+1)2
Now, it is simple to show that e~ ("+1/2) = _j(—1)" so

L2 [ w(—1)" i(—=1)" 1
I_W;{2(2n+1) (2n+1 (2n—|—1)2]

)2
72 Z( D" 2~ 1
2n+ —2n+1 7w 4= (2n+1)?

(8.6)
e ()
_2a
g /01/2 I(1-—2)(1+2)de= —G ~ 0.583 (8.7)

Here, G =~ 0.915 is Catalan’s constant. Quite nice how the two imaginary terms cancelled!



Integral - 9
/00 Wiﬂ dz = \/7(2V2 - 2)

Solution: Looks like a standard Feynman’s trick to me,

oo ,—ax? g 2 e}
Qa) = / % dr = Q'(a) = f/ e~9%” sin (2?) da

oo x —0o0
1 [ 2 iz
S e—cuz (euLz _ e—zLQ) dr
2t J_
1 [ ; 1 [ ;
=%/ e (e=07% g 4 % [m e (@t gy

_ VT ( ! ! )
2 \Va+i a—i)’
where I used the standard result for a Gaussian integral we all know and love. Integrating backwards for Q(a),
NI 1 1
Q1) =—-——+1 — d
(1) = 57 lim Ja+ti a—i) ™
- @ lim (Va+i-va—i)
a—r

_ VT (\/1+iﬂ/1fz‘)

i

VT (21/4ei7r/8 _ 21/46—1'71-/8)

?

= 2/ 7V/2sin(7/8)
= 2\/7r\[2 (22\@>

= 7T(2\[—2),

" /ooe_wsm(ﬁ)dx: m(2V2 - 2)

2
oo x

Quite simple.

10

(9.1)

(9.2)



Integral - 10 (Vardi)

3

e T T(3/4)
/ﬂ/4 In(In(tan)) dz = 7 In (\/ﬂ r(1/4)> (10.1)

This is known as the ”Vardi” integral, first solved by Ilan Vardi in 1988.

Solution: The trick is to take the substitution y = In(tan z), from which results in a differential Z—z =e¥/(1+e*):

= [ ) T vy d
—/O 15 oo ) y—/o (He_gy)e n(y) dy

= So(-u [ e n)
n=0 0
Making the substitution v = (2n + 1)y,
0 DI = 1y [
I = “1 du = “1 du — In(2 1 “d
2onrt ), ¢ ggt) W= gy ), ¢ Rdu=d o m@n 1) e du
- 0 - 0
n=0 n=0 n=0 (103)

S

(o) o0
(-1
_ ln@n+1
T2 o1 z:: n+1 n(2n+1),

where I recognized the integral definition of the Euler-Mascheroni constant . The first sum can be simplified by recalling
the series expansion of inverse tangent,
0 (_1)711.2'”—&-1

tan"!(z) = A 10.4

for which we have tan=!(1) = 7/4. T will also replace the second summation by an equivalent representation,

I= —% -y # sin(n/2), (10.5)

n=1

where I used the fact that the terms in (10.3) run over odd integers and the sine factor takes those to zero anyway. To
evaluate the remaining sum, I will take inspiration from the Fourier (Kummer) expansion of the log-gamma function,

1 X In(n)
n

InT(z) = <; - z) (v+1n(2)) + (1 — 2) In(7) — %ln(sin(wz)) + p Z

n=1
i sm( )zz(’y—i—ln@))—i—?ﬁln(w)—zln —7lnT 1
4 4 2 4)’
such that (10.5) can be written as

I= —% + g(7+1n(2)) + %Tln(ﬂ) - gln (?) —7InD (i)
(2 In(v3) + In(r*2) + In (r—2 (i))) (10.7)

T

2

T In 2m3/2
2 (F2(1/4)) '
Using the fact that I'(1/4)T'(3/4) = 7v/2, it follows that

/2 T T(3/4)
/Tr/4 In(In(tanz)) de = 5 1 (\/ﬂ F(1/4)> (10.8)

sin(27nz)

(10.6)

|

is the solution to the Vardi integral.

11



Integral - 11

I:/O”/2{tafl<x)}dm:

tan(z)

<7r—1n (Sini(”)» (11.1)

N | —

Here, {tan(z)} is the fractional part of tan(z).

t
e (11.2)
T /”/2 [tan(z)]
2 0 tan(x)
Letting u = tan(x),
== f/ g
2 Jo u(l+u?)
1 2 n
T 0 1 n—1
=——1 d d d
- [ s vk e e [ e
T i ./j-i-l du (11.3)
T3 2] v+ a2
2 =i u(l 4 u?)
o0 tan ! (j+1)
v
== - j/ cot(z) dx
2 j; tan—1(5)

Since - In(sin(z)) = cot(z),

7= g — Zj (In (sintan_l(j +1)) —In (Sintan_l(j)))

R U GO R &2 S Y G

T2 ;j<l< 1+(j+1)2> 1<\/1+j2>> (114)
T S (e j+1 i j+1

~2 ;(”“”( 1+(j+1)2> 71 (Fﬂ >>+Z (m)

Where I added a zero in order for the series to telescope properly. It is standard to show that the middle series has the
partial sum

(X n o ntl
Sy =—1 (\/§)+( +1)1 ( 1+(n+1)2> s
Jm 5o =257

such that (11.4) becomes

(11.6)




where I did some manipulations in the second equality. The remaining series does not telescope, and I will rather look at
the Euler product formula for sine,

singfx):ﬁ@_?;;) . m(“f”)):iln(l_

Jj=1

) : (11.7)

2
7T2j2

Substituting x = i,

In <Sini(7f”)) - iln (1 + 312>

=1In(2) + iln (1 + (J+11)2>

Jj=1

(11.8)

Solving this equation for the series and substituting it into (11.6) results in the original integral having the form

_ @) @) 1 (sin(m)> _ (11.9)

s

o
rO
B
B

Since sin(im) = isinh(m), we have the solution:

/Ow/2 m e — % (77 W (sini(w))) (11.10)

13



Integral - 12

I= / / T dxdy = (-1)°T(s + 1)¢(s +2)

Solution: The integral over y is really easy:

I_/Ollns(:zr) {/01 1iyxy] e
__/OIIDS(I){ln(l—zy)];d;

_ _/011n5<x) In(1 — ) d?x.

The trick I'll employ is to use the series expansion for In(1 — x),

I:—/llns(x) (—ii) d?a:

0
X[ e

Substituting u = —nIn(z),?

i / u’e” “du
= s—i—li

=(-1)°T'(s+ l)C(s +2),

’ /01/01 W) Gy = (—1)°T (s + 1)¢(s +2)

1—2xy
which is quite pretty.

21 did like three substitutions in a row on paper and I’m doing them all at once now that I have the hindsight.

14

(12.1)

(12.2)

(12.3)

(12.4)

(12.5)



Integral - 13

I /O 2 dw=(s)T(s) (13.1)

Solution: Rewrite so that I can expand in a series:

[e%s} s—1 0 s—1,—x
I :/ x dx z/ r_c dr
o €e*—1 o l—e®
= A ¥ le™® Z e " dx (13.2)
n=0

0 e’}
e Z/ xsjlei(nﬁkl)z da:
0

Doing the substitution « = (n + 1)z,

1 1
I = g 75/ ule™" du =T(s) g —
(n+1)% J n
n=0 n=1 (13.3)

T = ((ar(e)

0 ew_

Pretty easy. Thie integrals shown up often in statistical mechanics, since the exponential term is reminiscent of the
Bose-distribution.

Integral - 14

= /0 ———— dx =T'(n)Li,(2) (14.1)

Solution: Let’s do the same thing as (X-20):

00 xnflefz o0
I= z/ —— dzx / 2" le™® ZMe” ™ dx
0 0

I
w

1—ze®

Il
[~
w
3
s
S—
8
8
i
m}—‘
R
3
+
g
Q
S

m=0 (14.2)
e m+1 [eS)
= Z i — / u e duy
0 (m+1)" Jy
o om [} xn—l
—T) Y 2 = D(n)Lin(z) = / e =T()Lin ()
; -

15



Integral - 15

Solution: Note that

which allows me to write a nicer integral,

where I exploited the evenness. Make the substitution z — 1/z, dz — —;—zd:r,

1= 2 [T ol
e Jo 22’

which is the same integral, so I can add the two and divide by two,

1 [ 1
I'= e~ (o) (1 + 2> dz.
0 x

e2

Making the substitution v = 2 — 1/z, I find

I = i/(X> eV duy, — /OO e_<$2+1‘%>dm =

e2

which is a nice result.

16

(15.1)

(15.2)

(15.3)

(15.4)

(15.5)

(15.6)



Integral - 16

2
I= /0 9 2z 2$Rios¢>+ R s 2—7T1%2| (16.1)
This shows up commonly in many electrodynamics problems. Note that the denominator is the expansion of ||s7 — R#'||2
in cylindrical coordinates in the case that z = 2’ = ¢’ = 0.
Solution: Define the integral ,
T 1
I = /0 e (16.2)

Clearly |a| > |b| for finite-ness. Make the substitution that z = €', such that dz = iz d¢ and 2cos¢ = z + z~%. This
transforms the integration over ¢ € {0,27} to an integration over the unit circle C' in the complex plane:

, dz 1 2 1
=@ ——————p =2 Qde 55—
iz a4+ 3(z+271) ib 22—5—72—1—1 (16.3)
24 1 '
“ar® (z—20)(z—2_)
where 2, z_ are the poles of the integrand:
a b2
e =—|—-1£4/1— cﬂ] (16.4)

Only z; is inside of the unit circle, and since it is a simple pole, Cauchy’s Theorem tells me that the line integral (16.3)
is 27i times that residue,

2 — 4 1
r=2(on) tim — =) _d4r 1
i z=zy (z—24)(2 — 22) b zp — 2
a1
b o b2 (16.5)
b T a?
- 27
/a2 — b2
This is already a neat result in itself. In the case that a = s> + R? and b = —2sR, I find
2 1 2m 2
do — — (16.6)

0 s2 —2sRcos¢+ R?2  \/s? —2s2R2 + R*  |s? — R?|

17



Integral - 17

Derive the following contour integral representation of the binomial coefficient,

1 (1+2)Y Yy
I=— @ dz — = 17.1
omi Jo O st (m ’ (17.1)
where C' is the circle |z| = 1 traced CCW.
Solution: First let z — —2z,
11 (1—-2)Y ei™® (1—2)¥
I=— d = dz ——— 17.2
2mi (—1)® %C e T o 550 F e (17.2)
then parameterize C via z = €', df = dz/iz such that
imx 27 (1 o i@)y
e e
1= df ~—————. 17.3
o /O ezl ( )

The now trick is to use the binomial theorem,

(a+b)° = Z (5) a* I = (1-¢%)" = Ey: (y> (—1)7e', (17.4)

=0 j=o N
such that
eiTe Y y o2 o eimT Y y 1 »
I = —1)7 do =20 — Z___ —1)7 ( 2mi(j—=) _ 1)
2wz(j>( )/0 ‘ 2 2 ) VT e
7=0 7=0
eiTT _ pimx Y y 1
=S (e e
sin(7) <& (y) 1
=— ] (=1)7 = ,
T ]Z:O j (=1) j—x

where I noted e>™7—%) = ¢=27 gince j € Z. Using the representation (j — z)~' = fol dt ti—==1,

I= ,Sin:rw) Zy: <y,)(1)j /01 dt /=7t = —@ /01 dt Zy: <§’,)(t)j el

§=0 §=0
i 1 17.6
_ _ sin(mz) / dt (1— t)ve—o-1 (17.6)
d 0
_ sin(mz)

=2 """ B(-a,1
- (=2, 1+y),

where in the third equality I used the binomial theorem, after which I recognized a variant on the beta function. By the
gamma function reflection formula and the properties of the beta function,

_sin(mz) 1 L(—z)I'(1+y)

™ T(—2)T(1+z) Bl=el+) = Fl+y—a)’ o
I find that
. 1 P(—2)F(1+y) _ (1+y)
I(-2)[(1+2) T(1+y—=) T(A+2)(1+y—ux) (17.8)
— v = L dz dta)y = (y>
Wy — x)! 2mi Jo zx+l z
as desired.

18



Integral - 18

I:/Oldx {;}:1—7 (18.1)

Here {z} is the fractional part of x.

Solution: Let y = 1/x such that do = —dy/y* and

> Ay} / < dy / * oyl
/1 Ve o Uy LY
2

. 1 52

. . n
=y In(N) - Nlﬂnoo;/n dy s (18.2)
A
= lim In(N)— lim
N—o00 N—o00 n+1

N1 1 1
=14+ lim lln(N) lim ]17:> dx {}17
N—oo - 0 €T

where I noted {z} = x — |z], and recognized the Euler-Mascheroni constant in its form as the limiting difference between
the harmonic series and the natural logarithm.
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Integral - 19

Evaluate the following integral,

by first proving the integral identity

Since these are equivalent, it follows that

©B@) 1 E(z) E()
T T 5/_adx [k(x)ﬂ * k(—x)+1]
1 v Blx k(x) + k(—x)+2
=3 [ drE@) {k(m)k(m) (@) + k() + J
1

Il
Y
\\g|
I~y
8
&
&
O

and the identity is proved. For (19.1), I find

T2 cos(x) 1 [T/?
= - S = 1
/ dx pr— 2/ dz cos(x) ,

—m/2 —m/2

without the need of any advanced techniques.

(19.1)

(19.2)

(19.3)

(19.4)

(19.5)

3] found this integral identity on instagram. The author didn’t provide the proof, so I proved it and provided an additional example.
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Integral - 20

oo —ax __ ,—bx 2 2
/ d:z:eelln<b “’) (20.1)
0

x sec(px) 2 a? + p?
Here Re(a), Re(b) > |Im(p)].

Solution: Let’s go.

o 1 o 1
I / dx — cos(pr)e™** — / dx = cos(pz)e™"®
0 r 0 z

1 / e L (= 4 eGrbarr) _ 1 / e L (=07 4 =taren)
)
0 0

2 T T

1 a [e'e] ) ) 1 b [e’e) ) )

_5/ dy/ da (e(zp—y)w+e—(zp+y)x) + 5/ dy/ da <e(w—y)x+e—(1p+y)x)
0 0 0 0

[ iia) L (5 k)
-5 Y . ‘ = Y . ‘ 20.2

2 /o y—1ip y-+ip 2 Jo y—ip y+ip (202)
1 [t 2y
Z dy —=2
2 /a Yy
1
1 / du L
2 a2+p2 u
1
2

b2+p2
nl——-|.
a? + p?
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Integral - 21

2v2  T?(1/4
//[O . dzdy g+%= ;—f+ 6(\/%) (21.1)
Solution: Substitute ¢t = x/y, dz = ydt, then perform an IBP over y using the FTC-1:
:/1dyy/1/ydt\/t+71= yz/l/ydt \/t—i-»l‘l-i-l/ldy\/y—i-il
0 0 t 2 )y th 2/, y
:;/Oldt\/EJr;/oldym (21.2)

! 1
g

where the lower bound y — 0 vanishes by noting that the integral will behave like y
trick here is to make the substitution y = u? and perform another IBP,

I—2/ dt\/1+u4=2ux/1—|—u4’ —4/ du ——
1+u4
(21.3)
=2f—4/ du\/1+u4—|—4
\/7

=3/2 and so y?y~%/2 = y'/2 - 0. The

I find the same integral on the r.h.s as the L.h.s; and hence

2v2
I=—"+4- dy ——. 21.4
3 '3 /0 T (21.4)
Inspired by the beta function, substitute u? = tan(v),
2v2 2 [T/ 1 2v2  2v2 [T/4 1
1= i = dv = V2 + V2 AV ———
3 3 Jo sin(v) cos(v) 3 3 Jo sin(2v)
—+\[/ dw sin™Y?(w) cos® (w)
(21.5)
= & + £B(1/4 1/2)
_ N . [ I2(1/4)0(1/2)
3 6 T(1/4)T(1/4+1/2)°
Using the Legendre duplication formula,
D(1/4)T(1/4 +1/2) = 217 2/D /71 (2(1/4)) = V2rT(1/2), (21.6)
and so 9
2v2 T (1/4
// dudy, [%+ L = 22, D0/ (21.7)
[0,1]2 y 3 6v/m
as desired.
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Integral - 22

/ dm/ dy e~ @+ Iy [(xifzz(z)y(ly)n} = —%FQ (i) [2n+w (i)} (22.1)

Solution: The log can be simplified as

(xy)(wy)"

ln |: (xmnyyn ) (zy)"

} =z"y"Inz+ z"y" Iny — z2"y" Inz — z"y*" Iny, (22.2)
and so
1= /0OO dx -/0(X> dy e~ (@"+v") [z"y" Inz 4+ 2"y" Iny — 22 In g — gy?n ny]

where I used the fact that the integrand is symmetric under z <+ y. The y-integral is simple after the substitution u = y™,

in which
2 * —x" n > 1/n,—u 2n > 1/n,—u
I=— dr e z"Inx duuw/"e ™™ —z"Inz duu'"e
nJo 0 0

(22.3)

L - (22.4)
=T ( + 1) / dx [ln:c e —Inz :172"67"”71] .
n n 0
Note that I(z) = ¢(2)I'(2), where
/ d > z—1_—zx > z—1_—=x
I'(z) = — de x*~e™® = de Inz 2*~ e 7, (22.5)
dz 0

which motivates in (22.4) the substitution u = 2™, giving
I= §3F <71L) /000 du [ln(ul/") ul/ e — ln(ul/”) ul/"+167u}
() (1)
n n n n
2 1 1 1 1 1 (22.6)
St GG oG]
n n n n n n
() ()]
n n n n n
Using the fact that ¢(z 4+ 1) = (z) + 1, then
2, (1 1 1 1 1
= ) G (G e )
_ 2y (1> {_11/} (1) _ 2} (22.7)
n n n’\n
a0 <
n n n

as desired.
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Integral - 23

/OOO e 7 (23.1)

2" +1  msin(r/n)

Solution: Let u = z”, such that dx = = ut/"1dy and
1 0 1/n—1
I, = 7/ du L. (23.2)
n Jo 1+u
Recall the Beta function ) ()0 (z2)
& tF— I'(z1)T (29
B = dt = . 23.3
(21, ZQ) A (1 + t)21+22 F(Zl + ZQ) ( )
Comparing, I find that z; = 1/n and z; + 22 = 1. Hence,
r(AHr-1
L _TErG-)_ = 5.0
nI'(1) nsin(r/n)

where I made use of Euler’s reflection formula

Integral - 24

(o)
I :/0 dr tan~'(z7F) = gsec (27;) (24.1)

Here k£ > 1. I found this guy on Youtube (Maths505), but the solution is my own.

Solution: Like any arctangent integral, IBP gives

dx x e dx
— 1 —k —

1-k

Letting u = x results in

k e du
=2~ 1/0 T (s (24.3)

where my goal now is to express this in terms of the Beta function via a second substitution v = u2*/(*=1)  giving

oo —(k+1)/2k _ _
/ o v _ EB k—1 1o k—1
; 1+o 27\ 2k 2%k
™ ™ m
2sin(r(k 1 1)/2k) PRCT ”

I =

N[ =

(24.4)

where I used Euler’s reflection formula. The Maths505 channel gives an interesting case for k = 5, where since cos(7/5) =

¢/2, where ¢ is the Golden ratio, we have
> 1
/0 dr tan~! <x5> = %, (24.5)

which is pretty cool.
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