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Preface: This was my first research project as a graduate student, and was devised to help myself gain familiarity
with field-theoretic approaches to BCS superconductivity and numerical approaches to continuum systems.

Our goal is the numeric computation of the superfluid stiffness of a BCS superconductor. In doing so, I will work
within a 2d tight-binding model with dispersion

ex = —% (cos(ky) + cos(ky)), (1)

where 2t = 1/m was chosen so that for small momenta the dispersion is the usual kinetic term of free electrons.! This
requires a near circular Fermi surface generated through the condition that

2
% < kp < 2, (2)

avoiding edge effects with the BZ and grid size. For this choice, the lattice model stiffness will simplify to that of a
continuum model which can be directly compared to known results, such as that of Altland and Simons’ text [1].

Note Altland and Simons’ calculation for the stiffness,
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where A = /€2 + A2, for £ = ex — p, and n = pv in 2d, they assume the integrand is peaked at the Fermi surface and
take |k|? ~ k% with flat density of states v. A comparison of the result (3) with the numerical evaluation of the lattice
model is valid if the numerical evaluation is performed under these approximations. As justification, it must be that

er>T,A (4)

where for the lattice model, ep = | + 2/m)| is the difference between the Fermi level and the bottom of the band. This
ensures that the integrand is peaked on some energy scale much smaller than the Fermi energy, as the function n/z(Ak)
has a peak of width ~ T.

IThrough a suitable choice of the chemical potential, the constant —2/m is absorbed.



I will compute the stiffness through gauge coupling, which for a lattice model is performed via a Peierl’s substitution.
For the 1d case,
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where I took the gauge field to be site-independent. The generalization to 2d is then simply
1
ex(A) = —E(cos(/ﬂz + Az) +cos(ky + Ay)). (6)
To determine the interaction vertices, I will implement a trig identity and expand for small A,

ex(A) = —%(cos(kx) cos(Ay) — sin(k,) sin(Ay) + cos(ky) cos(A4,) — sin(k,) sin(A))
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and so I find two 3-point vertices and two 4-point vertices. For Nambu Green’s functions, the 4-point vertex must come
with an additional 73 as result of the hole dispersion.
The diamagnetic and paramagnetic contributions to the superfluid density then take the form

=%zz [gks“” |+ wzztr[m i“m”gkro““if”]

1wy, ka‘,k 1Wn kr7k
QmLQ Z Z cos(ky )tr [GxTs] + 2L2 Z Z sin® (k) tr [GiGi] ,
W, kdmk Wy km7ky
where L
G = Wy, :fk —-A B _ 1 Z.an €k A (9)
k= 7A iwn + fk o (iwn)Q - Elz - |A‘2 A Z‘Wn - fk
is the Nambu Green’s function for & = e — i, and I am defining lowercase tr[- - -] to run only over Nambu space. It is

implicit that the momentum sums run over the 1BZ from [—, 7).



As exercise I will fully simplify the diamagnetic term (8),
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where as above I defined A\x = /& + A2. Does (10) agree with the particle density for a normal metal (A = 0), in the
non-lattice model? In that case, A\x = &k and I make the continuum replacement cos(k,) — 1, such that

)

Tr[Gys] = Iz ZQnF &k) = no, (11)

which is indeed the (spinful) particle density ng in the absence of superconductivity.

Numerics

It is at this point that the diagrams (8) can be evaluated using software like Mathematica. I computed the trace over
Nambu space first, then performed the Matsubara sum directly, substituting iw, — inT(2n + 1) for n € Z. Consistent
results were found with a frequency cutoff of ny.x ~ 10,000. Care was taken in order to ensure the convergence of the
sum; the paramagnetic term (8) contains gﬁ and hence converges over the whole complex plane, but the diamagnetic term
does not, as illustrated in (10). To alleviate this, I manually distributed Matsubara weighting functions to each term.

As a way of viewing the behavior of ns/2m, I instead divided it by the diamagnetic term to get ns/n, which should
be 1 at low temperatures and vanish as T becomes large. This is shown below in Fig.[1]. T also compare the numerical
evaluation of the lattice model Fig.[1] to that of the continuum result (3) in Fig.[2]. The deviation between the two is not
significant, growing as T increases; this is an artifact of the lattice model approximation.
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Figure 1: Numerical evaluation (8) for n,/n, with expected behavior for T' € [0,0.01]. Note the onset of condensation indeed occurs
around T ~ A.
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Figure 2: Log plot of lattice model ns/n (blue) vs. the continuum result (3) (red). The agreement improves as L increases and kp
decreases.
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